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1 Introduction 

Special Lagrangian m-folds (SL m- folds) are a distinguished class of real m- 
dimensional minimal submanifolds which may be defined in C™, or in Calabi- 
Yau m-folds, or more generally in almost Calabi~Yau m-folds (compact Kahler 
m-folds with trivial canonical bundle). We write an almost Calabi-Yau m-fold 
as M or {AI, J,uj,il), where the manifold M has complex structure J, Kahler 
form LO and holomorphic volume form fl. 

This is the third in a series of five papers |l()lllll[T^llHj studying SL m-folds 
with isolated conical singularities. That is, we consider an SL m-fold X in an 
almost Calabi-Yau m-fold M for m > 2 with singularities at xi,. . . ,Xn in M, 
such that for some special Lagrangian cones Ci in T^-M = C™ with Ci \ {0} 
nonsingular, X approaches Ci near Xi in an asymptotic sense. Readers are 
advised to begin with the final paper 1181 . which surveys the series, and applies 
the results to prove some conjectures. 

The first paper JO] laid the foundations for the series, and studied the 
regularity of SL m-folds with conical singularities near their singular points. 
The second paper discussed the deformation theory of compact SL m-folds 
X with conical singularities in an almost Calabi-Yau m-fold M. 

This paper and the sequel '12' study desingularizations of compact SL m- 
folds X with conical singularities. That is, we construct a family of compact, 
nonsingular SL m-folds iV* in M for t E (0, e] such that TV* — > X as t ^ 0, in 
the sense of currents. 

Having a good understanding of the singularities of special Lagrangian sub- 
manifolds will be essential in clarifying the Strominger-Yau-Zaslow conjecture 
on the Mirror Symmetry of Calabi-Yau 3-folds yU" , and also in resolving conjec- 
tures made by the author 2] on defining new invariants of Calabi-Yau 3-folds 
by counting special Lagrangian homology 3-spheres with weights. The series 
aims to develop such an understanding for simple singularities of SL m-folds. 

Here is the basic idea of the paper. Let X be a compact SL m-fold with 
conical singularities xi,...,Xn in an almost Calabi-Yau m-fold (Af, J, cj, fi). 



Choose an isomorphism Vi : C" T^-M for i = 1, . . . ,n. Then there is a 
unique SL cone Ci in C™ with X asymptotic to Vi{Ci) at x^. 

Let Li be an Asymptotically Conical SL m-fold {AC SL m-fold) in C™, 
asymptotic to Ci at infinity. As is a cone it is invariant under dilations, so 
tCi = Ci for aU t > 0. Thus tLi = {tx : x & Li} is also an AC SL m-fold 
asymptotic to Ci for t > 0. We explicitly construct a 1-parameter family of 
compact, nonsingular Lagrangian m-folds in (M, for t e (0,(5) by gluing 

into X at Xi, using a partition of unity. 

When t is small, A^* is close to being special Lagrangian (its phase is nearly 
constant), but also close to being singular (it has large curvature and small 
injectivity radius). We prove using analysis that for small e G (0,(5) we can 
deform A^* to a special Lagrangian m-fold TV* in M for all t £ (0, e], using a 
small Hamiltonian deformation. The proof involves a delicate balancing act, 
showing that the advantage of being close to special Lagrangian outweighs the 
disadvantage of being nearly singular. 

Here are some of the issues involved in doing this in full generality: 

(i) To ensure A^* and A^* are connected, we suppose X is connected. But 
X' ^ X \ {xi, . . . , a;„}, the nonsingular part of X, may not be connected. 
If it is not then the Laplacian A on A^* has small positive eigenvalues, of 
size 0{t™~^). These cause analytic problems in constructing A^*. 

(ii) Let Si — d n 5^™^^. Then Ei is a compact (m — l)-manifold, and Li 
effectively has boundary S,; at infinity. There are natural cohomological 
invariants Y{L^) G ffi(S,,R) andZ(L,) G H"'-'^{T,^,R). It turns out that 
there are topological obstructions to the existence of A^* or A^*, involving 
the r(i,) and Z{L,). 

(iii) Let {{M, ,uj^ ,W) : s € J-"} be a smooth family of almost Calabi-Yau 
m-folds for € C M'' with (M, J°, 17°) = (A/, J,w,f7). Then we 
can consider special Lagrangian desingularizations TV'*'* of X not just in 
(M, J,Lu,n) but in {M, J" ,uj'' for small s £ JP. To do this introduces 
new analytic problems, and new topological obstructions involving the 
cohomology classes [uj'^] and [Imfi'']. 

Rather than tackling these questions all at once, we prove our first main 
result in SjH] assuming that X' is connected, that Y{Li) — and Li converges 
quickly to Ci at infinity in C™, and working in a single almost Calabi-Yau 
m-fold {M, J,u!,Q) rather than a family. This simplifies (i)-(iii) above. 

Section [7| extends this to the case when X' is not connected, as in (i), but 
still supposing Y{Li) = and Li converges quickly to Ci. The sequel deals 
with issues (ii) and (iii), allowing Y(Li) ^ and Li to converge more slowly to 
Ci, and working in a family of almost Calabi-Yau m-folds (Af, J'' ,0;" ,^1"). 

We begin in with an introduction to special Lagrangian geometry. Sec- 
tions 01 and 01 discuss SL m-folds with conical singularities and Asymptotically 
Conical SL m-folds respectively, recalling results we will need from |l(Jj . 
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Given a compact Lagrangian m-fold N in an almost Calabi-Yau m-fold 
(M, J, Wjil) which is close to being special Lagrangian, fjEjuses analysis to con- 
struct an SL m-fold iV as a small Hamiltonian deformation of N. This existence 
result, Theorem 15.31 below, can probably be used elsewhere. In each of Inland 
^we construct a family of Lagrangian m-folds in (M, J, a;,^2), and apply 
Theorem 15. 31 to show that TV* can be deformed to an SL m-fold N* for small t. 

For simplicity we generally take all submanifolds to be embedded. However, 
all our results generalize immediately to immersed submanifolds, with only cos- 
metic changes. 

We conclude by discussing similar work by other authors. Salur |^ 
considers a nonsingular, connected, immersed SL 3-fold A'^ in a Calabi-Yau 3- 
fold with a codimension two self- intersection along an S^, and constructs new 
SL 3-folds by smoothing along the . 

Butscher 13] studies SL m-folds N in C™ with boundary in a symplectic 
submanifold ly^™^^ c C™. Given two such SL m-folds Ni,N2 intersecting 
transversely at x and satisfying an angle criterion, he constructs a 1-parameter 
family of connect sum SL m-folds Ni^xN2 in C™, with boundary, by gluing in 
an explicit AC SL m-fold L in C™ due to Lawlor diffeomorphic to 5'""-^ x R 
and asymptotic to the union of two SL planes K™ in C"*. 

Closest to the present paper is Lee 0. She considers a compact, con- 
nected, immersed SL m-fold in a Calabi-Yau m-fold M with transverse self- 
intersection points xi, . . . ,Xn satisfying an angle criterion. She shows that A'^ 
can be desingularized by gluing in one of Lawlor's AC SL m-folds Lj at Xi for 

1 = 1, . . . ,n, to get a family of compact, embedded SL m-folds in M. Her result 
follows from Theorem 16 . 1 31 below . 

Acknowledgements. I would like to thank Stephen Marshall, Sema Salur and 
Adrian Butscher for useful conversations. I was supported by an EPSRC Ad- 
vanced Research Fellowship whilst writing this paper. 

2 Special Lagrangian geometry 

We introduce special Lagrangian submanifolds (SL m-folds) in two different ge- 
ometric contexts. First we define SL m-folds in C". Then we discuss SL m-folds 
in almost Calabi-Yau m-folds, compact Kahler manifolds equipped with a holo- 
morphic volume form, which generalize Calabi-Yau manifolds. Some references 
for this section are Harvey and Lawson ^ and the author |^. We begin by 
defining calibrations and calibrated submanifolds, following 

Definition 2.1 Let (M,g) be a Riemannian manifold. An oriented tangent 
k-plane V on M is a vector subspace V of some tangent space TxM to M with 
dim V = k, equipped with an orientation. If V is an oriented tangent fc-plane on 
M then g\v is a Euclidean metric on V , so combining g\v with the orientation 
on V gives a natural volume form volv on V , which is a fc-form on V . 

Now let be a closed fc-form on M . We say that Lp \s a. calibration on M if 
for every oriented fc-plane ^ on M we have ip\v ^ voly. Here ip\v — ol ■ voly 
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for some a G R, and t/^lv ^ voly if a ^ 1. Let A'' be an oriented submanifold 
of M with dimension k. Then each tangent space T^N for a: G TV is an oriented 
tangent fc-plane. We say that is a calibrated submanifold if <p\t^n = voIj-^at 
for all X € N. 

It is easy to show that calibrated submanifolds are automatically minimal 
submanifolds |11 Th. II. 4. 2]. Here is the definition of special Lagrangian sub- 
manifolds in C™ , taken from (l) §111] . 

Definition 2.2 Let C™ have complex coordinates (zi, . . . ,Zm), and define a 
metric g' , a real 2-form lu' and a complex m-form fl' on C™ by 

g' = \dzif + ■ ■ ■ + \dzraf , w' = f(dzi Adzi + •• • + dz„ Adf„), 
and fl' — dzi A • • • A dz„i. 

Then Re 51' and ImSl' are real m-forms on C™. Let L be an oriented real 
submanifold of C™ of real dimension m. We say that L is a special Lagrangian 
submanifold of C™, or SL m-fold for short, if L is calibrated with respect to 
ReJ7', in the sense of Definition 12. II 

Harvey and Lawson 4, Cor. HI. 1.11] give the following alternative charac- 
terization of special Lagrangian submanifolds: 

Proposition 2.3 Let L be a real m-dimensional submanifold of C™. Then L 
admits an orientation making it into an SL submanifold of C" if and only if 
lu'Il = and Imfl'l^ = 0. 

An m-dimensional submanifold L in C™ is called Lagrangian if w'j^ = 0. 
Thus special Lagrangian submanifolds are Lagrangian submanifolds satisfying 
the extra condition that ImJl'l^ = 0, which is how they get their name. We 
shall define special Lagrangian submanifolds not just in Calabi-Yau manifolds, 
but in the much larger class of almost Calabi-Yau manifolds. 

Definition 2.4 Let m ^ 2. An almost Calabi-Yau m-fold is a quadruple 
{M, J,u!,D.) such that {M,J) is a compact m-dimensional complex manifold, 
CO is the Kahlcr form of a Kahler metric g on M, and f2 is a non-vanishing 
holomorphic (m, 0)-form on M. 

We call (Af, J, lu, fl) a Calabi-Yau m-fold if in addition uj and Q satisfy 

cj"/m! = (-l)™('"-i)/2(-/2)™f] A n. (2) 

Then for each x E M there exists an isomorphism T^M ^ C™ that identifies 
gx,(^x and fia, with the flat versions g',uj',n' on C™ in Furthermore, g is 
Ricci-flat and its holonomy group is a subgroup of SU(m). 

This is not the usual definition of a Calabi-Yau manifold, but is essentially 
equivalent to it. 

Definition 2.5 Let (M, J, uj, 51) be an almost Calabi-Yau m-fold, and A^ a real 
m-dimensional submanifold of M . We call A^ a special Lagrangian submanifold, 
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or SL m-fold for short, if u!\n = Imr2|jv = 0. It easily follows that Rerijjv is a 
nonvanishing m-form on N. Thus N is oricntable, with a unique orientation in 
which Re57|jv is positive. 

Again, this is not the usual definition of SL m-fold, but is essentially equiv- 
alent to it. Suppose {M, J,uj,n) is an almost Calabi-Yau m-fold, with metric 
g. Let -0 : Af — > (0,oo) be the unique smooth function such that 

V-^^w^/m! ^ (-l)"(™-i)/2(i/2)™l] A n, (3) 

and define g to be the conformally equivalent metric ■0^5 on M. Then Re is a 
calibration on the Ricmannian manifold (M, g), and SL m-folds N in (M, J, w, fl) 
are calibrated with respect to it, so that they are minimal with respect to g. 

If M is a Calabi-Yau m-fold then "0 = 1 hy so g — g, and an m- 
submanifold in M is special Lagrangian if and only if it is calibrated w.r.t. 
Re ft on (M, g), as in Definition This recovers the usual definition of special 
Lagrangian m-folds in Calabi-Yau m-folds. 

3 SL m-folds with conical singularities 

The preceding papers |1UI studied SL m-folds X with conical singularities 
in an almost Calabi-Yau m-fold (M, J, oj, O). We now recall the definitions and 
results from jlOj that we will need later. For brevity we keep explanations to a 
minimum, and readers are referred to jlU| for further details. 

3.1 Preliminaries on special Lagrangian cones 

Following [lOv §2.1] we give definitions and results on special Lagrangian cones. 

Definition 3.1 A (singular) SL m-fold C in C™ is called a cone \i C = tC for 
all < > 0, where tC = {tx : x e C}. Let C be a closed SL cone in C™ with an 
isolated singularity at 0. Then E = Cn5^™~^ is a compact, nonsingular (m— 1)- 
submanifold of 5^™^^, not necessarily connected. Let g^ be the restriction of 
g' to S, where g' is as in 

Set C" = C \ {0}. Define t : E x (0, c») ^ C" by i(cr, r) = ra. Then l has 
image C . By an abuse of notation, identify C with E x (0, oo) using l. The 
cone metric on C" = E x (0, oo) is g' = i'{c}') = dr^ + r^g^. 

For q; e R, we say that a function u : C" K is homogeneous of order 
a if u o t = t^u for all t > 0. Equivalently, u is homogeneous of order a if 
u{(j, r) = r"v{a) for some function : E ^ R. 

In jlOl Lem. 2.3] we study homogeneous harmonic functions on C". 

Lemma 3.2 In the situation of Definition \3.A let u{a,r) = r"w(cr) be a homo- 
geneous function of order a on C" — x (0, oo) , for v £ C^(E). Then 

Au{a, r) = r""2 (A^w - a(a + m - 2)v) , 
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where A, are the Laplacians on (C',g') and (Ti^g-^). Hence, u is harmonic 
on C if and only if v is an eigenfunction of A^ with eigenvalue a{a + m — 2). 

Following 10, Def. 2.5], we define: 

Definition 3.3 In the situation of Definition 13. II suppose m > 2 and define 

= {a e R : a{a + m — 2) is an eigenvalue of A^}. (4) 

Then is a countable, discrete subset of R. By Lemma 13.21 an equivalent 
definition is that is the set of a e R for which there exists a nonzero homo- 
geneous harmonic function u of order a on C". 

Define ■ T)^ — > N by taking m^{a) to be the multiplicity of the eigen- 
value a{a -\- m — 2) of A^, or equivalently the dimension of the vector space of 
homogeneous harmonic functions u of order a on C". Define iV^ : R — s- Z by 

= - XI if < 0, and N^{5) = ^ m^{a) if 5 ^ 0. 

aG-DEn((5,0) QeX'5:n[0,5] 

Then N^^ is monotone increasing and upper semicontinuous, and is discontinuous 
exactly on P^, increasing by mj^{a) at each a € As the eigenvalues of A^ 
are nonnegative, we see that n (2 — m, 0) = and Nj^ = on (2 — m, 0). 

3.2 The definition of SL m-folds with conical singularities 

Now we can define conical singularities of SL m-folds, following [TDl Def. 3.6]. 

Definition 3.4 Let (M, J, a;,r2) be an almost Calabi-Yau m-fold for m > 2, 
and define -ijj : M ^ (0,oo) as in (|3Jl. Suppose X is a compact singular SL 
m-fold in M with singularities at distinct points xi, . . . ,x„ g X, and no other 
singularities. 

Fix isomorphisms Vi : C™ — > T^-M for i = 1, . . . , n such that v*{lu) ~ uj' 
and v*{Q) — ip{xi)"^n', where uj' , fl' are as in iQJ. Let Ci, . . . , C„ be SL cones 
in C™ with isolated singularities at 0. For i = 1, . . . , ti let Si = n5^™^^, and 
let fii e (2,3) with (2,/^^] n — 0, where V^. is defined in Then we say 
that X has a conical singularity at Xi, with rate and cone d for z = 1, . . . , n, 
if the following holds. 

By Darboux' Theorem JlJ', Th. 3.15] there exist embeddings Ti : Br M 
for i — 1, . . . ,n satisfying Ti(0) = Xi, dT^lo = Vi and T,*(w) = w', where Bn 
is the open ball of radius R about in C™ for some small R > 0. Define 
: Ej X (0, R) — ^ Bii by /.^(cr, r) = rcr for « = 1, . . . , n. 

Define X' = X\{xi, . . . , a;„}. Then there should exist a compact subset K C 
X' such that X'\K is a. union of open sets Si, . . . ,Sn with Si C Ti{Bfi), whose 
closures Si, . . . , Sn are disjoint in X. For z = 1, . . . , rt and some R' £ {0,R] there 
should exist a smooth 0j : x (0, R') Br such that Tiocj)^ : E^ x (0, R') M 
is a diffeomorphism E^ x (0, R') Si, and 

|V'=(0i -tOH 0(r'^'-i-'^) asr^Oforfc = 0,l. (5) 
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Here V, | . | are computed using the cone metric L*{g') on x (0, R'). 

The reasoning behind this definition was discussed in §3.3]. We suppose 
TO > 2 for two reasons. Firstly, the only SL cones in are finite unions of 
SL planes in intersecting only at 0. Thus any SL 2-fold with conical 
singularities is actually nonsingular as an immersed 2-fold. Secondly, to = 2 is 
a special case in the analysis of ^| §2], and it is simpler to exclude it. Therefore 
we will suppose to > 2 throughout the paper. 

3.3 Lagrangian Neighbourhood Theorems and regularity 

We recall some symplectic geometry, which can be found in McDuff and Salamon 
|15|. Let iV be a real TO-manifold. Then its tangent bundle T*N has a canonical 
symplectic form to, defined as follows. Let {xi, . . . ,Xm) be local coordinates 
on TV. Extend them to local coordinates (xi, . . . , x™, yi, . . . , i/m) on T*N such 
that {xi, . . . , ym) represents the 1-form yidxi -I- • • • -I- y,„dx„i in T^xi,....x^)'^ ■ 
Then 6j — dxi A dyi + • • • + dxm A dj/m. 

Identify N with the zero section in T*N. Then iV is a Lagrangian submani- 
fold oiT*N. The Lagrangian Neighbourhood Theorem (15i Th. 3.33] shows that 
any compact Lagrangian submanifold in a symplectic manifold looks locally 
like the zero section in T*N. 

Theorem 3.5 Let {AI,lu) be a symplectic manifold and N G M a compact 
Lagrangian submanifold. Then there exists an open tubular neighbourhood U of 
the zero section N in T*N , and an embedding ^ : U M with = id : N 
N and ^*{lu) = a), where uj is the canonical symplectic structure on T*N. 

In |1U[ §4] we extend Theorem l3.5l to situations involving conical singularities, 
first to SL cones, W Th. 4.3]. 

Theorem 3.6 Let C be an SL cone in C™ with isolated singularity at 0, and 
set T, = Cn 52™-!. Define t : S x (0, 00) ^ C™ by L{a,r) = ra, with image 
C\{0}. For a G S, r G T*T,, r G (0,oo) and u S M, let {a,r,T,u) represent the 
point T-['udr in Tjy ^.^ x (0, 00)) . Identify E x (0, 00) with the zero section 
T = u = Q in T*(E X (0,00)). Define an action of (0,oo) on T*(l]x (0,oo)) by 

t : (cr, r, r, u) 1 — > {a, tr, t^T, tu) for t £ (0, 00), (6) 

so that t* {ili)—t^uj , for bj the canonical symplectic structure on r*(Sx (0, 00)) . 

Then there exists an open neighbourhood Uc of T,x (0, 00) in T* (E x (0, cx))) 
invariant under ^ given by 

Uc = { (cr, r, r, u) G T* (E X (0, 00)) : | (r, u) | < 2Cr} for some C > 0, 

where \. \ is calculated using the cone metric i*{g') on T, x (0,oo), and an em- 
bedding --Uc ^ C™ with $c|sx(o.oo) — ^ci^') — ^ "^"^ ^c°t — t^c. for 
all t > 0, where t acts on Uc as in (O and on C™ by multiplication. 
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In ^1 Th. 4.4] we construct a particular choice of (pi in Definition 13.41 

Theorem 3.7 Let (M, J,Lu,fl), ip^X^n,Xi^Vi,Ci,Yii, R^Ti and ^ be as in 
Definition \3.4\ Theorem \8.b\ gives C > 0; neighbourhoods Uc- of x (0,cxd) in 
T* (J^i X (0, cxd)) and embeddings : Uc- — > C™ for i = 1, . . . ,n. 

Then for sufficiently small R' G (0, i?] there exist unique closed 1-forms 
rji on Si X (0,i?') for i — 1, . . . ,n written r]i{a,r) = ril{a,r) + r/f{a,r)dr for 
r]l{a,r) S T*!]^ and rif{a,r) £ R, and satisfying \r]i{a,r)\ < (r and |V*^?7i| = 
0(r^'~^~'^) as r — !■ for fc = 0, 1, computing V, | . | using the cone metric 
such that the following holds. 

Define (pi : x {0, R') Br by (pi (cr, r) = (o", vl (c^, , J?!^ i'^^r)) . Then 
Ti o (pi : Y.i X (0, i?') M is a difjeomorphism Si x (0, R') — > S'i /or open sets 
Si, . . . ,Sn in X' with Si, . . . ,Sn disjoint, and K = X' \ {Si U • • • U Sn) is 
compact. Also (pt satisfies so that R' , (pi. Si, K satisfy Definition \!^.4\ 

In jl(J[ §5] we study the asymptotic behaviour of the maps (j)i of Theorem 
13.71 using the eUiptic regularity of the special Lagrangian condition. Combining 
[lOi Th. 5.1], nj?, Lem. 4.5] and TO, Th. 5.5] proves: 

Theorem 3.8 In the situation of Theorem \3.7\ we have rji = dA; for i = 
l,...,n, where Ai : Yii x (0, i?') ^ M. is given by Ai{a,r) — r/f{a,s)ds. 
Suppose ji'i € (2, 3) with (2, /i^] n P^. = for i ~ 1, . . . ,n. Then 

\v''{(p^-i^)\=0{r^''^-^-''), |VS^| and 
\V^A,\ = 0(r^'~'') as r for all k ^ and i = 1, . . . ,n. 

Hence X has conical singularities at Xi with cone d and rate ji'i, for all 
possible rates ji'i allowed by Definition \S.4\ Therefore, the definition of conical 
singularities is essentially independent of the choice of rate fii. 

Finally we extend Theorem 13. 51 to SL m- folds with conical singularities |1(J[ 
Th. 4.6], in a way compatible with Theorems 13.61 and 13 . 71 

Theorem 3.9 Suppose {M, J,uj,^l) is an almost Calabi-Yau ni-fold and X a 
compact SL m-fold in M with conical singularities at xi, . . . ,Xn- Let the nota- 
tion ip,Vi,Ci,Yii, jjLi, R,Ti and Li be as in Definition \3.4\ and let C,,Uc-,^CiT R\ 
r]i,r]l,r]f,(pi,Si and K be as in Theorem \3. 7} 

Then making R' smaller if necessary, there exists an open tubular neighbour- 
hood Ux> C T*X' of the zero section X' in T*X' , such that under d(Ti o 0^) : 
T* (Si X (0, R')) T*X' fori = l,...,n we have 

(d(T, o = { r, T, u) e T* (S, X (0, R')) : \ (r, u)\<Cr}, (8) 

and there exists an embedding ^x' ■ Ux' M with ^x'\x' = id : X' X' and 
$* / (uj) = uj, where uj is the canonical symplectic structure on T* X' , such that 

$x' od{TiO(pi){a,r,T,u) = T.^ o ^c,{<7,r,T + ril{a,r),u + i]'^ {a,r)) (9) 

for all i — 1, . . . ,n and {a,r,T,u) G T*(Si x (0,i?')) with |(t, u)| < C,r. Here 
\(t,u)\ is computed using the cone metric i'*{g') on Si x (0, i?'). 
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4 Asymptotically Conical SL m-folds 



Let C be an SL cone in C™ with an isolated singularity at 0. Section|21considered 
SL m-folds with conical singularities, which are asymptotic to C at 0. We now 
discuss Asymptotically Conical SL m-folds L in C™, which are asymptotic to C 
at infinity. Here is the definition. 

Definition 4.1 Let C be an SL cone in C™ with isolated singularity at for 
m > 2, as in Definition 13.11 and let S = C fl 5^™"^, so that E is a compact, 
nonsingular (m — l)-manifold, not necessarily connected. Let be the metric 
on S induced by the metric g' on C™ in and r the radius function on C™. 
Define i : S x (0, oo) C™ by L{a, r) — ra. Then the image of i is C \ {0}, and 
i*{g') — r^gs + dr^ is the cone metric on C \ {0}. 

Let L be a closed, nonsingular SL m-fold in C" and A < 2. We call L 
Asymptotically Conical (AC) with rate A and cone C if there exists a compact 
subset K C L and a diffeomorphism (p : T, x (T, oo) L\K for some T > 0, 
such that 

\S/^{ip- i)\=0{r^-^-^) as r ^ oo for fc = 0, 1. (10) 

Here V, | . | are computed using the cone metric i*{g') on E x (T, oo). 

This is very similar to Definition 13.41 and in fact there are strong parallels 
between the theories of SL m-folds with conical singularities and of AC SL m- 
folds. We recall some results from ^3 §7], including versions of the material in 
ii3.3l We continue to assume m > 2 throughout. 

4.1 Cohomological invariants of AC SL m-folds 

When y is a manifold, write H^{Y,M) for the fc'^ de Rham cohomology group 
of Y, and Hk{Y,M.) for the k^^ real singular homology group of Y, defined us- 
ing smooth simplices. Then the pairing between homology and cohomology is 
defined at the chain level by integrating fc-forms over fc-simplices. We can also 
define relative homology and cohomology groups in the usual way. The Betti 
numbers of Y are b'^{Y) = dimiJ'^(F, R). 

Let L be an AC SL m-fold in C™ with cone C, and set E = C n S^"^'^. As 
E is in effect the boundary of L, there is a natural map H''{L,M.) H''{'E,M.). 
Following |1(JI Def. 7.2] we define cohomological invariants Y{L),Z{L) of L. 

Definition 4.2 Let L be an AC SL m-fold in C™ with cone C, and let E = 
Cn 52™-!. As w',Imr2' in ||TJ are closed forms with uj'\l = IuiU'Il = 0, 
they define classes in the relative de Rham cohomology groups iJ'^(C™;L,R) 
for k = 2, m. For fc > 1 we have the exact sequence 

Define Y{L) e i/i(E,R) to be the image of [cj'] in ij2(C";i,R) ^ H^{L,R) 
under i7i(L,R) i?i(E,i?), and Z(i) e i7™-i(E,R) to be the image of [Im rj'] 
in i7™(C";L,R) ^ iJ™-i(L,R) under i7"-i(i,R) ^ iJ™-i(E,i?). 
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Here are some conditions for Y{L) or Z{L) to be zero, TU", Prop. 7.3]. 

Proposition 4.3 Let L be an AC SL m-fold in C" with cone C and rate X, 
and letY. = Cr] S^""'^ . If X < or b^{L) = then Y{L) = 0. If X < 2 - m 
or 60(1]) = 1 then Z{L) = 0. 

In this paper we will consider only AC SL m-folds Li with rates < 0. 
These all have Y{Li) = by the proposition. Because of this we shall avoid 
some tricky issues of global symplectic topology in defining Lagrangian m-folds 
A'^* by gluing tLi in at a singular point Xi of an SL m-fold X with conical 
singularities, so Inland SQare simplified. The case Y{Li) ^ will be considered 
in the sequel ^^l- Here is a (trivial) lemma on dilations of AC SL m-folds. 

Lemma 4.4 Let L be an AC SL m-fold in C™ with rate X and cone C , and let 
t>Q. Then tL = {ix : x g L} is also an AC SL m-fold in C™ with rate X and 
cone C, satisfying Y{tL) = t^Y{L) and Z(tL) = t'^ZiL). 



4.2 Lagrangian Neighbourhood Theorems and regularity 

Next we generalize H'6.'6\ to AC SL m-folds. Here is the analogue of Theorem 
IT71 proved in Th. 7.4]. 

Theorem 4.5 Let C be an SL cone in C™ with isolated singularity at 0, and 
set T, ^ C n Define t : S x (0, oo) -> C" by L{a,r) = ra. Let (, 

Uc C T*(S] X (0,cx))) and -Uc^ C" be as m TheoremWR 

Suppose L is an AC SL m-fold in C™ with cone C and rate X < 2. Then 
there exists a compact K <Z L and a diffeomorphism Lp : y. (T, oo) L\K 
for some T > satisfying (|10() . and a closed 1-form x on Y} x (T, oo) written 
x(iT, r) — X"'"(f J 1^) + X^i^j r)dr for x^(cr, r) E r*S and X^((t, r) G R, satisfying 

\x{'^,r)\ < Cr, (p{a,r) = <^c {<^, r, {<^, r),x'^{cr,r)) 
and \w''x\^0{r^-^-^) as r ^ oo for k ^ 0,1, 

computing V, | . | using the cone metric t* ((?')• 

Now suppose that the rate A of L satisfies A < 0. Then Y{L) = by 
Proposition l4.3l and the results of |10[ §7.3] simplify. Combining TU', Prop. 7.6], 
[10, Th. 7.7] and 10. Th. 7.11] gives an analogue of Theorem IXFl 

Theorem 4.6 In the situation of Theorem \4.5\ suppose A < 0. Then x = dE, 
where E e C°°(T. x (T, oo)) is given by E{a,r) — — x'^i'^, s)ds. If either 
X = X' , or A' G (2 — 'm-,0), or A, A' lie in the same connected component of 
R \ T>s, then L is an AC SL m-fold with rate X' and 

|V^-(^-0hO(r^'-i-'=), \vW=0{r^' and ^^^^ 
\V''E\ ^ 0{r^'-'') asr-^oo for all k^O. 

Here V, | . | are computed using the cone metric L*{g') on Y, x (T, oo). 
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In particular, this shows that any AC SL m-fold L with rate A < is also an 
AC SL m-fold with rate A' for A' G (2 — m, |(2 — m)). This will be important 
in W).'2\ where we need to assume that A < i(2 — m) to make an error term 
sufficiently small. Here ^1 Th. 7.5] is the analogue of Theorem 13.91 

Theorem 4.7 Suppose L is an AC SL m-fold in C™ with cone C. Let E, t, 
(^,Uc,^c,K,T,'P,XjX^iX^ ^6 *^ Theorem \4-5[ Then making T,K larger if 
necessary, there exists an open tubular neighbourhood Ul C T* L of the zero 
section L in T*L, such that under dip : T*(S x (T, oo)) T*L we have 

(d^)* ([/,) = { (a, r, T, e T* (E X (T,^)) : \{T,u)\<Cr}, (13) 

and there exists an embedding : Uz, ^ C™ with — id : L ^ L and 

$*(a;') = a), where lu is the canonical symplectic structure on T*L, such that 

o d(/7(cr, r, T, w) = <I>c((T,r,T + x^(o-:^):" + X^(c^;'')) (14) 
for all (ct, r, T, m) gT* (Ex (T, oo)) with |(t, u)| < C^, computing \.\ using b*[g'). 

In [ini Th. 7.10] we study the bounded harmonic functions on L. 

Theorem 4.8 Suppose L is an AC SL m-fold in C™, with cone C. Let E,r 
and ip be as in Theorem \4.5\ Let I = fo'^(E), and S^,...,E' be the connected 
components of E. Let V be the vector space of bounded harmonic functions on 
L. Then dimV^ = /, and for each c — (c^, . . . ,c') G K' there exists a unique 
v"^ € V such that for all j — 1, . . . ,1, k ^ and /3 G (2 — m, 0) we have 

V'=((p*K) -c^ ) 0(|c|r'^-'=) o«E^' X {T,oo) as r oo. 
Note also that V = {v'' : c e M'} and t;(i---i) = 1. 

5 An analytic existence result for SL m-folds 

We shall now use analysis to prove that under certain conditions a compact, 
nonsingular Lagrangian m-fold N in an almost Calabi-Yau m-fold M which 
is approximately special Lagrangian can be deformed to a nearby special La- 
grangian m-fold iV in M. We begin in fJO with some background material 
from analysis. The main result, Theorem 15.31 is stated in i|5.2l and proved 
in 301-3531 

Theorem 15.31 and its proof are based on results by the author "8 Th. 11.6.1 

6 Th. 13.6.1], which are used to construct compact 7- and 8-manifolds M with 
holonomy G2 and Spin(7) by deforming a G2- or Spin(7)-structure with small 
torsion on M. The geometry is rather different, but the underlying conception 
and structure of the proof is the same. 

In each of 311 and 33 we will construct a family of compact, nonsingular 
Lagrangian m-folds iV* in M for t G (0, S) by gluing AC SL 771- folds Li, . . . , L„ 
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in at the singular points xi , . . . , of a compact SL m-fold X in M with conical 
singularities. We then apply Theorem 15.31 to show that iV* can be deformed to 
a nearby compact, nonsingular SL m-fold in M for small t. 

The proof of Theorem l5.3l is long and technical, and some readers may prefer 
to skip over it. The rest of the paper will use only the statement of Theorem 
15.31 and not refer to its proof in H5.3I - M5.5I 



5.1 Banach spaces of functions 

Let {N, g) be a Riemannian manifold. To establish notation, we shall define 
various Banach spaces of functions on N . Some references for these spaces 
are Aubin and Gilbarg and Trudinger 0. For each integer fc ^ 0, define 
C^{N) to be the vector space of continuous, bounded functions f on N that 
have k continuous, bounded derivatives, and define the norm ||.||(7*s on C''{N) 
by ||/||c'= — Sj=o ^^Pa^ I^"*/!' where V is the Levi-Civita connection. Then 
C''{N) is a Banach space. Let C°^{N) = flfc^o C'iN). 

For k ^ and a £ (0, 1), define the Holder space C^'°'{N) to be the subset 
of / G C\N) for which 

[VVl. = sup 

d{x,y)<S{g) 

is finite. Here d{x, y) is the geodesic distance between x and y and 6{g) > the 
injectivity radius. Note that f{x) and '^^f{y) lie in different vector spaces 
®^T*N, (S,^T*N when fc > 0, but we identify them by parallel translation using 
V along the unique geodesic 7 of length d{x, y) joining x and y. The Holder 
norm is H/Hc'--,. = + [V^/j^. 

For 1, define the Lehesgue space L'^{N) to be the set of locally integrable 
functions f on N for which the norm 

II/IIl. = ( / l/rdy/'^' 



is finite. Here dVg is the volume form of g. Suppose r,s,t^ 1 with l/r = 1/s + 
l/t. \i(t)£L'{N) andV e L\N) then ./-V' G ^'■(A^), a.nd\\U\\L- ^ U\\lAMl^\ 
this is Holder's inequality. 

Let (7^1 and fc ^ be an integer. Define the Sobolev space Lf^iN) to be the 
set of / e L''{N) such that / is fc times weakly differentiable and | VVI G L'^iN) 
for J k. Define the Sobolev norm on L'j^{N) to be 



11/11^;:. = fE / IvvrdK,''^' 



Then Ll{N) is a Banach space, and Lf.{N) a Hilbert space. 

The Sobolev Embedding Theorem ^ Th. 2.30] gives inclusions between the 
spaces Ll{N) and C''"(iV). 
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Theorem 5.1 Suppose {N,g) is a compact Riemannian n-manifold, k ^ I ^ 
are integers, a € (0, 1) and q,r ^ 1. If ^ ^ r~^^^' ^^^^ ^fe(-^) '■^ continuously 
embedded in L\{N) by inclusion. If ^ ^ , then Ll{N) is continuously 

embedded in C'''°'{N) by inclusion. 

5.2 Statement of the result 

The following definition sets up the notation we shall use. 

Definition 5.2 Let (M, J, oj, ft) be an almost Calabi-Yau m-fold, with metric 
g. Let iV be a compact, oriented, immersed, Lagrangian m-submanifold in M, 
with immersion i : iV — > M, so that i.*{oj) = 0. Define h = i*{g): so that (iV, h) 
is a Riemannian manifold. Let d^ be the volume form on induced by the 
metric h and orientation. 

Let -0 : Af — + (0, oo) be the smooth function given in Then ri|jv is a 
complex TO-form on TV, and using (PJ and the Lagrangian condition we find that 
1^1 AT I = calculating | . | using h on N. Therefore we may write 

n\N ^ ij'"e'^ dV onN, (15) 

for some phase function e'^ on N. Suppose that cos 61 ^ ^ on A^. Then we can 
choose to be a smooth function 9 : N {—^,^). Suppose that [t*(Imri)] = 
in iJ™(iV,R). Then 0''" sin 6* d^ = 0, by l|T3|l. 

Suppose we are given a finite-dimensional vector subspace W C C°°{N) 
with 1 £ W. Define tt^ : L'^{N) ^ to be the projection onto W using the 
L^-inner product. 

For r > 0, define Br C T*N to be the bundle of 1-forms a on with \a\ < r. 
Regard Br as a noncompact 2m-manifold with natural projection tt : Br N, 
whose fibre at a; G A" is the ball of radius r about in T*N. We will sometimes 
identify A^ with the zero section of Br, and write N C Br. 

At each y £ Br with 7r(y) — x E N, the Levi-Civita connection V of /i on 
T*N defines a splitting TyBr = H (S)V into horizontal and vertical subspaces 
H, V, with H ~ TxN and V = T*N. Write uj for the natural symplectic struc- 
ture on Br C r*A^, defined using TBr ^ H S)V and H = V* . Define a natural 
Riemannian metric h on Br such that the subbundles H, V are orthogonal, and 
h\H = 7r*ih), h\v ^7r*ih-^). 

Let V be the connection on TBr ^ II(BV given by the lift of the Levi-Civita 
connection V of /i on A" in the horizontal directions H, and by partial differ- 
entiation in the vertical directions V , which is well-defined as TBr is naturally 
trivial along each fibre. Then V preserves h, Cj and the splitting TBr ^ H Q)V. 
It is not torsion-free in general, but has torsion T(V) depending linearly on the 
Riemann curvature R{h). 

As A^ is a Lagrangian submanifold of A/, by Theorem 13.51 the symplectic 
manifold {M,uj) is locally isomorphic near A^ to T*N with its canonical sym- 
plectic structure. That is, for some small r > there exists an immersion 
^ : Br ^ M such that $*(a;) = uj and <i>|Ar ~ l. Define an m-form (3 on Br 
by /3 = $*(Imr2). 
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If a e C°°(T*7V) with |a| < r, write r(a) for the graph of a in Br- Then 
$,(r(a)) is a compact, immersed submanifold in M diffeomorphic to N. 

With this notation, wc can state our main result. 

Theorem 5.3 Let k > 1 and Ai, . . . , > be real, and m ^ 3 an integer. 
Then there exist e,K > Q depending only on k, v4i, . . . , As and m such that the 
following holds. 

Suppose < t ^ e and Definition \5.S\ holds with r = Ait, and 

(i) ||V'"'sin0|L.w(..+2) < A2t'=+"/2^ U"' sinBWco ^ A2t^-\ 
||d(V'™sin6i)||i2,„ s^ylst""^/^ and Utt^^Ci/'" sinfl)!!^,! < A2t''+™-^ 

(ii) As on N. 

(iii) II V'^/3||co ^ Ait^'' for k = 0,1,2 and 3. 

(iv) The injectivity radius S{h) satisfies 5{h) ^ A<^t. 

(v) The Riemann curvature R{h) satisfies \\R{h)\\(jo ^ Agt"^. 

(vi) If V G Ll{N) with t:„{v) = 0, then v G L'^"^/i^'^~'^) (N) by TheoremT^ 
and ||i;||^2„,/(„,-2) < A7||dz;||i2 . 

(vii) For all w gW we have ||d*dw||i2Tn/(Tn+2) ^ "'"||dw||L2. 

For all weW with wdF = we have \\w\\co s$ Aiit^-"^/'^\\dw\\L2 . 

Here norms are computed using the metric h on N in (i), (v), (vi) and (vii), and 
the metric h on BaiI "in (iii). Then there exists f G C°°(iV) with f <iV = 0, 
such that ||d/||co ^ Kf" < Ait and N = $*(r(d/)) is an immersed special 
Lagrangian m-fold in (M, J, lo, il). 

The theorem wih be proved in H5.3l -t i5.51 In the rest of the section we work 
in the situation of Theorem 15. 31 so we suppose M, J,u!, and A'' are given, we 
use the notation of Definition 15.21 and we suppose that k > 1, Ai, . . . , Ag > 
and < > are given such that parts (i)-(vii) of Theorem 15.31 hold . 

5.3 Special Lagrangian submanifolds close to 

We begin the proof by studying the conditions for a submanifold N of M close 
to A*" to be special Lagrangian. We write N as $(r(a)), where a is a small 
1-form on N and T{a) its graph in BAit C T*N. 

Lemma 5.4 In the situation above, let a G C°° {T* N) be a smooth l-form with 
llallco < Alt, and r{a) the graph of a in Ba^i- Then N — <I>(r(Q!)) is a special 
Lagrangian m-fold in M if and only if da — and 7r*(/5|r(Q)) — 0. 
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Proof. Note that tt : T{a) ^ N is a. diffcomorphism and $ : T{a) M an 
immersion. By Definition 12.51 N is an SL m-fold in M if and only if = 
Imf^lj^ = 0. Pulling back by $, this holds if and only if u)\r(a) = /3|r(a) = Oj 
since $*(w) = w and <i>*(Imf2) = /3. 

Pushing forward by tt : r(a) — > iV, we see that N is special Lagrangian if and 
only if 7r»((D|r(a)) = tJ"* (/5|r(Q)) = 0. But as BAit C T*N and tD is the natural 
symplectic structure on T*N we have Tr*{ijj\r{a)) — —da by a well-known piece 
of symplectic geometry, and the lemma follows. □ 

We rewrite the condition T'*{/3\r{a)) = in terms of a function F. 

Definition 5.5 Define A ^ {a e C°°{T*N) : \\a\\co < Ait}, and define 
F : A ^ C°°{N) by 7r*(/3|r(a)) = F{a)dV. Then Lemma El shows that if 
a £ A then $(r(a)) is special Lagrangian if and only if da ~ F{a) = 0. 

The value of F{a) a,t x £ N depends on the tangent space TyT{a), where 
y S r(Q^) with 7r(y) = x. But TyT{a) depends on both a\x and Va|a;. Hence 
F(a) depends pointwisc on both a and Va, rather than just a. Therefore we 
may write 

F(Q;)[a;] — F' {x, a{x), Vq;(x)) for all x £ N, where 

F' : {{x,j,S) -.x e N, jeT^N, \-f\ < A^t, S e(E)^T*N} ^^^^ 

is a smooth, nonlinear function. Note that F maps between infinite-dimensional 
spaces A C°°{N), but F' maps between finite-dimensional spaces. 

For fixed x G N the variables 7, (5 in the domain of F' lie in vector spaces 
T*N, (E)'^T*N. Thus we may take partial derivatives in these directions (without 
using a connection), with values in the dual spaces Tj^N^^'^T^N. Write 81,82 
for the partial derivatives in the 7, S directions respectively. Then we have 

diF\x,j,S) eT^N, d2F'{x,j,S)€®^T,N, dfF\x,-f,S)€S^{T,N), 
did2F'{x,-f,6) e(g)^T^N and diF'ix,-f,S) e S^{(g>^T^N). 



We compute the expansion of F up to first order in a. 
Proposition 5.6 This function F may be written 

sin 61- d*(V'" cos 61a) -fQ(a), (17) 
where Q : A^ C°°{N) is smooth with Q{a) = 0(|ap-K |Vap) for small a. 

Proof. It is easy to see that F depends smoothly on a. Therefore by Taylor's 
theorem we may expand F about a = up to second order, and get an equation 
with the general form of 117|1 . with Q smooth. Since F{a) depends pointwise 
on a, Va, the second-order remainder term Q{a) is of the form 0(|ap-|-|Vap), 
and the estimate valid when \a\, |Va| are small, that is, when a is small in C^. 
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So to prove p7ll we need to compute F(Q) and di^(O) and show they coincide 
with the first two terms on the right hand side of Ijl?!) . When a = we have 
$*(r(0)) = N in M, and therefore 7r,(/3|r(o)) = Imrj|jv = ^""smOdV by 
Thus -F'(O) = ■!/;'" sin 6* by Definition 15. 51 giving the zeroth order term in (|17|l . 

Next we compute the first order term in a. Let v be the vector field on T*N 
with V ■ ill — — 7r*(a). Then v is tangent to the fibres of tt : T*N N, and 
exp(?;) maps T*N T*N taking f3 i-^ a + f3 for 1-forms /3 on TV. Identifying 
N with the zero section of T*N, the image exp(w)[iV] of N under exp(w) is 
r(a) C BA^t C T*N. More generally, exp(s'y)[iV] = T{sa) for s e [0, 1]. 

Therefore F{sa) dV = exp{sv)* {f3) for s e [0, 1]. Differentiating gives 



d 



drmaldV ^ —(F(sa)) dV = — (exp(s^;)*(/3)) 

Ac \ > (Jo \ / 



d 



s 



s=0 



ds 

(£,/3) 1^ = (d(i; • /?) + t; • (d/3)) |^ = d((z; • /3)|Ar), 



(18) 



where is the Lie derivative, ' • ' contracts together vector fields and forms 
in the usual way, and we have used the fact that d/9 = since £7 is closed 
and /? = $*(Iml7). 

Fix X G N. We may choose local real coordinates (xi, . . . , Xm, yi, ■ ■ ■ , Vm) 
on M near x such that at x we have 



^(dx^+dyf), r^AT^ dF^dxi A---Adx„ 



m 

w = ^ dxj A dyj and = '!/;™e*^(dxi + idyi) A • • • A (da;™ + idy™). 

Identify T2,M with T^BaiI using d$, so that Cj = uj and /? = Imfi. 

Write a = ^'JLi^j ^^j ^ fo^' ^ I^- Then v = X^^li'^jaf" ^ 
V ■ LO — —a. Calculation with the above expression for then shows that 

m 

{v ■ P)\n = i/''" cos9'^{-iy~^aj dxi A • • • A dxj-i A dx^+i A • • • A da:™ 

= cos *T^„ a at X, 

where *t^n is the Hodge star on T^N, computed using the explicit expressions 
for g and dV at x. Since *dV = 1 and *d* — —d* on 1-forms, equation l(TH|l 
gives 

di^(O) [a] dV = d(V/" cos *a)^{*d* {ij;"' cos 61 a)) dF = (-d* (V-™ cos 6* a)) dK 

This shows that di^(O) : a — d*(-0™ cos6'a), which yields the first order term 
in (|17|l . and completes the proof. □ 

Here are some properties of Q. 
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Lemma 5.7 This function Q satisfies Q(0) = dQifi) ~ and Q{ol) AV — 
for all a £ A, and ^(T{a)) is special Lagrangian if and only if 

da = and d* (V'"' cos 6* a) = sin 61 + g (a). (19) 



Proof. Proposition IS . 61 gives Q{a) — 0(|Q!p + | Vap) , which impHes that Q(0) = 
dQ(0) = 0. By definition 7r,(/3|r(a)) = F{a) dV for a e ^, so 

/ F{a)dV^ I /3= / /3= / t*(Imf7) = 0, 

JAf Jr(a) "'r(O) "'A' 

as /3 is closed, T{a) and r(0) are homologous, and [t*(lnirj)] = in i/"(iV,M) 
by Definition EU Now F{G) = ^/■'"sine by UH), so sin 6* dV^ = 0, and 

d* (V'™ cos 6* a) dV = by integration by parts. Therefore multiplying p7|l 
by dV and integrating over N gives Q(a) dF = 0. Finally $(r(a)) is special 
Lagrangian if and only if da = F{a) = by Definition 15.51 and by p7|) this is 
equivalent to ifT^ . □ 

The notation Q{q) was chosen because Q is approximately quadratic for 
small a. The following estimates of Q are modelled on the fact that if g is a 
homogeneous quadratic polynomial on M" then |g(x)— q(y)| ^ C|x— y| (|x| + |y|) 
for some C ^ and all x, y e M". 

Proposition 5.8 There exist Ci, . . . , C4 > depending only on Ai, A^^, Aq, m 
such that Ci < A\ and if a, f3 G A with ||q:||(70, ||/3||(70 ^ Cit and HVajlco, 
||V/3||co < C2 then 



\Qia) ~ Q(/3)| s; Cz{t~^\a - /3| + |Va - V/3|)- 

(t^Vl + + |V/3|) and 

|d(g(a) - Q(/3)) I s; C4 - /3| (|a| + |a - /3| (I Va| + 1 V/3|) 

+t-V-/3|(|V2a| + |v2/3|)+t-2|Va-V/3|(|a| + |/3|) 
+t-i|Va-V/3|(|Va| + |V/3|) + |Va- V/3|(|V2a| + |V2/3|) 

+t-i|V2a-V2/3|(|a| + |/3|) + |V2a-V2/3|(|Va| + |V/3|)). 



(20) 



(21) 



Proof. Let a, /3 e y^, fix x G A^, and define a real function P on the triangle 
{(r, s) : < r s ^ 1} by F(r, s) = Q{r{a - P) + s/3) [x]. This is well-defined 
as A is convex and contains 0, so r{a — + sf3 E A when ^ r ^ s ^ 1. Then 

(Q(a)-g(/3))[x]=P(l,l)-P(0,l)= / ^(7/,l)du. 
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Lemma lO gives dQ(0) = 0, so |^(0,0) = 0. Therefore 



dP 



id^^"^'^))^^ 



1- a^p 

u^r^[us, s) + -^-^[us, s) 



Qj.2 



drds 



Substituting this into the previous equation and changing variables to r = us 
and s, we obtain 



(g(a)-Q(/3))[x] 



r d^P , , I d^P , / 
ar"^ s aras 



dr ds. 



(22) 



By the definitions of P, Q and F' we have 

) - /3(x)) + sP{x),r{Va{x) ~ V(3{x)) + sVP{x)) 
- (V^™ sin 9) [x] +rd* (V'" cos 6* (a - /?)) [x] + s d* (V'" cos 6* /?) [x] 

Taking second derivatives, the last line drops out to give 

d^p. 



Qj.2 
d^P 

drds 



(r, s) = ®2(a - /3) • dfF' + ®^{Va - V/3) • d^F' 

+ 2{a (Va - V^) • did2F' and 

(r, s) = {a- (3- dfF' + (Va - V/3) ® Vf3 ■ d^F' 

+ ((a - /3) ® V/3 + /? (Va - V/3)) • c^i^si^', 



evaluating djdkF' at (x, r(a— /3)+s/3, r(Va— V/5)+sV/3) and a, /3, Va, V/3 at x. 
Substituting these two equations into and taking mods gives 



\Q{a)-Q{f3)\[x] 



"'0 



{rs-^\a-P\^ + s~^\a-P\\(3\)\dfF' 



(2rs" 



|Va-V/3| + s"V-/3||V/3| + s~i| 

|2 17' I 



|Va-V/3|)|ai92i^'| (2^) 



+ (rs-2|Va-V/3p + .s-i|Va-V/3| |V/3|)|9^F' 



dr ds. 



Here a, f3, Va, V/3 are independent of r, s and so \a — f3\, . . . , | V/3| are constants, 
but djdkF' is evaluated at {x,r{a - /3) + s/3,r(VQ; - V/3) + sV/3), so |9j(9fcF'| 
is a function of r, s. 

Let us interpret F'{x, 7, (5) in terms of /3. Regard (x, 7) as a point in BaiI C 
T*N, with 7 e T^iV. Then r(^_^)SAit = T^N ® T^iV as in Definition O 
Using (5 e ®'^T*N we define a map Is : T^iV ^ T^TV r^*iV = T^^^^)BA^t by 
f 1-^ (w,(5 • w). Then 7, 5) dF|j, is the puUback to T^N under Is of the 

restriction of (3 to T(^^);B^jt. 

Because of this, estimates on the derivatives of (3 imply estimates on the 
derivatives of F' . In particular, as || V'^/3|j(70 ^ A4i~^ for /c = 0, 1, 2 by part (iii) 
of Theorem 15.31 we can show that there exist Ci , C2 , C > depending only on 
A4, m such that 



^i^i^'l sC C^"^ \did2F'\s^Ct-^ and \dlF'\s^C at (x, 7,(5), (24) 
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provided I7I < Cit and |^| < C2. Here the power of t is determined by the 
number of derivatives di. This is because changing 5 does not affect the point 
(a:, 7) in Syiit, so 82 does not involve differentiating fi on BaiI- Note that V, di 
are the same in the fibre directions, both given by partial differentiation. 

Substituting into and integrating we prove (|^ . for some C3 > 
depending only on A4, m. Equation (|21|) can be proved by a similar but rather 
more complicated argument, which we leave to the reader. The extra derivative 
on Q means that we also use the inequalities ||i?(/i)||(7o ^ AQt~^ and || V^/^jjc-o ^ 
^4^-3 in Theorem O □ 



5.4 Some analytic estimates on 

Section [^31 studied the geometry of M near N. We now give some estimates on 
N itself, Propositions 15 . 1 Jl and IST^ below, depending only on the Riemannian 
manifold {N, h). The proofs are based on that of Theorem Gl in the author's 
book §11.7]. 

These estimates are all proved by considering small balls in N of radius 0(i), 
and comparing them with balls of the same radius in R™. We begin by showing 
that the metric h on balls of radius 0{t) in N is close to the Euclidean metric 
(70 on in the Lj™ norm. 

Proposition 5.9 Let Di > be smaller than a positive bound depending on 
TO. Then there exist D2, D^, D4 > depending only on A^,AQ,m and Di such 
that the following holds. Let B2, B3 be the balls of radii 2, 3 about in W" , and 
go the Euclidean metric on B3. Set r = D2t. Then for each x Cz N we have 
Dst"^ ^ vo\(^Br{x)) ^ vol(i34r-(a:)) ^ Dit^, where Br{x) is the geodesic ball of 
radius r about x, and there is a smooth, injective map : B3 N satisfying 
||r-2^*(/i) - .golU™ =^ Di and Br{x) C ^^(Sz) C ^^(Sg) C B^rix). 

II 

Proof. For simplicity, first suppose that t — 1. We require systems of coordi- 
nates on open balls in N, in which the metric h appears close to the Euclidean 
metric go in the Lg'" norm. These are provided by Jost and Karcher's theory of 
harmonic coordinates 0. Jost and Karcher show that if the injectivity radius is 
bounded below and the sectional curvature is bounded above, then there exist 
coordinate systems on all balls of a given radius, in which the C^'" norm of the 
metric is bounded in terms of a for each a € (0, 1). 

The C^'°' norm is not quite strong enough for our purposes, but fortunately 
Jost and Karcher's results can be improved to the L2 norm, for p > to/2. This 
was done mainly by Anderson, and is described in Petersen ^| §4-§5]. From 
pn Th. 5.1, p. 185] we deduce that since S{h) > A5 and \\R{h)\\co ^ Aq (as 
t = 1), for £'2 > depending only on A5, Ag, to and Di, there exists a coordinate 
system ^f^^ about x for each x € N, which we may write as a map : B^ N 
with ^'j;(0) = X, such that IjU^^'J'* (/i) — 5o||l|'" ^ Di, as we have to prove. 

Now the radius and volume of balls are controlled by the C*' norm of the 
metric on the balls, which is controlled by the L'^'^ norm by Theorem l5.1l Thus 
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if Di is small enough in terms of m, the balls ^x{B2), ^xiB^) in A'' must have 
volume and radius close to those of the balls of radius 2D2 and 3D2 in M™. 

By making Di and D2 smaller if necessary, we can ensure that D3 ^ 
vo1(-Bd2(^)) vol(i?4_D2(a;)) ^ D4 for some D^jD^ > depending only on 
A5,Ae,m and Di, and that Bdi{x) C ^x{B2) and ^xiBs) C B^Diix), for all 
X ^ N. This completes the proof when t = 1. To prove the proposition for 
general t > 0, apply the case t = 1 to the rescaled metric t~'^h. □ 

By the Sobolev Embedding Theorem, Theorem 15.11 L^™ embeds in C°. 
Using this we may prove the following result on balls in M™, following ^ 
Lem. 2.22]. It is easy to modify the proof to get a bound involving ||w||l2 
rather than ||w||^2m. 

Lemma 5.10 Let B2,B3 be the balls of radii 2,3 about in M™. Then there 
exist Z?5, Dq > depending only on m such that if u G 0^(8^) and v € L\"^{B^) 
then \\u\B^\\a> < Dz{\\du\\co + \\u\\l2) and HuIbsIIco =^ ^6(||dw||L2™ + ||u||l2). 

We can now prove a Sobolev embedding result for 1-forms on N . 

Proposition 5.11 There exist (75,6*6 > depending only on ^5,^6 o.nd m 
such that if Lf''{T*N) then a € C^{T*N) and 

\\a\\co ^C^{t\\Va\\c<.+t-''^'''\\a\\L2), and (25) 
llValIco < C6(ti/2||v2a|U2™ + t^^/^H Va|U2) . (26) 



Proof. Let Di > be sufficiently small in terms of m, and let x € iV. Then 
Proposition 01 gives D2,£'3,-D4 > and 5-^ : B3 ^ TV. Define u S Lf^{B-i) 
and V e Lf"(B3) by m = ^'*(|a|?i) and v = ^'*(|Va|/i), where | . 1^ is taken 
using the metric h. 

Lemma [5.101 then applies to u and w, as u G C^{B^) by Theorem 15. II The 
norms in Lemma l5.1(Jl are calculated w.r.t. on on _Bq. But ||r^^\I'* (/i) — ^oIIlI™ =^ 
Di by Proposition so if Di is small then the metrics r~^5'J(/i) and go are 
close in C°. Hence we can increase Z?5, Dq to ZJg, Z?g depending only on Di,m 
such that ||m|bJ|co < D'^{Hu\\c<> + ||u||l2) and HwIbsIIco =^ ^6(l|dw|lL2m + 
||u||/,2), where now all norms are taken w.r.t. the metric r^^5'J(/i) on ,63. 

Pushing these forward via '^x we deduce that 

l|l«lU.(B.)llco ^5(H|d|«lU^(B3)|lco +'^"'"^1I«IU,(S3)IL0 and 
lll^^ll^.iBjco^D'.ir^^l^l^'^ll^^^^^^^ 

where all mods and norms are taken w.r.t. h, and the powers of r compensate 
for the change from r~^/i to h. Substituting r = D2t, noting that |d|a|| ^ |Va| 
and |d|VQ;|| ^ |V^q;|, and taking the supremum of these two inequalities over 
all X e A^, we quickly prove (ESJ and ^ with C5 = D'^niaic{D2, D^""^^) 
and Ce = D'^ ma.x{Dl^^ , D^"'^"^). □ 

Next we prove some interior elliptic regularity estimates on B2, B3. 
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Proposition 5.12 Suppose Ei,E2 > 0. Then there exist £^,£4 > depending 
only on Ei, E2 and m such that the following holds. 

Let B2, -B3 be the balls of radii 2, 3 about in R'", and suppose a*-' e L2"^{B^) 
for i,i = 1, . . . , m and V G L\"^{B^) for i = 1, . . . ,m such that 



we have 



(27) 



m and b' £ Ll"'{B: 

El E ^ - E °" ^3 (^1 ' ■ • ■ ' Cm) 

■i— 1 — 1 

anrf lla^-'llii™, ||fe*||^2,„ < for all i,j ^l,...,m. 
Then whenever a G L§"'(i?3) and r e if"(i?3) wii/i 

2,7 — 1 't— 1 



VV|b,||^. s^^3(||d(T|U2 + ||r|U2), anrf (29) 
^'^Is.lL^^ ^^^4(||da|U. + ||r|L.„,). (30) 



Proof. Aubin Cor. 4.3] shows that if (M, g) is a compact Riemannian man- 
ifold and € Ll{M) with Jj^.jipdV = then ||(p||i2 C||d^||i2 for C > 
depending on (M,g). Using the technique of 'doubhng' we see this also holds 
for compact Riemannian manifolds with boundary. Therefore if ip G L\{B^) 
with Jg 'pdV^g — then ||<(5||l2 ^ i?5||d(/3||2,2 for E^ > depending only on m. 
Since p8 |l - H3()|l are unchanged by adding a constant to a, we may assume that 
/g^ cdVgo — 0, and thus we have ||cr||L2 ^ £'5||d(T||L2. 

Equation (|28|l is a second- order linear elliptic equation, with coefficients 
a'',b\ As Lf™ ^ C°'i/2 by Theorem Ol the bounds ^ imply a C°'i/2 
bound on the coefficients of H28I) . and also show that (|28|l is uniformly ellip- 
tic. By the interior elliptic regularity estimates of Gilbarg and Trudinger |21 
Th. 9.11, p. 235] there exists Eq > depending only on Ei, E2 and m such that 
llcrlsJIii ^ £'6(|lcr|li2 + |lr||L2). Combining this with ||W|bJ|l2 sS |k|Bj|z,2 
and ||cr||L2 ^ i?5||dcr||L2 we deduce (jSSl, with E3 — i?6max(i?5, 1). 

We would like to apply the same approach to prove ((SOJ. However, there is a 
problem: to get an L3™ estimate of a we need a C^^^/^ bound on the coefficients 
of H28|l . which we do not have. So we instead rewrite (|28|l as 

E««3|£-— E'-'H^f^ (31) 

Now the l.h.s. is a uniformly elliptic operator with coefficients a*-' , which are 
bounded in C^'^/^ 110^11^2™ < E2 and the Sobolev embedding L^™ ^ C^-^l"^. 
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Let E5/2 be the ball of radius 5/2 about in W^. Applying Th. 9.19, 
p. 243] to (|31() on ^5/2 we get a bound of the form 

||c^|s2|L2™ < S7(||cr|B5/J^2 + IIt'Ibs/JIl?'"), (32) 

for Ej > depending on Ei, E2 and m. Now as i^™ ^ C*^ by Theorem 15. II we 
can show that multiplication is a continuous map Lf'"(i?5/2) x ii™(55/2) 
L\™- {3^/2)1 and so there exists C" > depending only on m with 

||^77L2,„ ^ C'llv'L-hL- for aU ^, 77 e Lr(S5/2). (33) 

But |j6*||i2m ^ E2, and by the method used to prove (|29|l we can bound 
Iklss/allLl"^ and hence II ^Iss/^ Lf": in terms of ||(T||i2 and ||r||i2™. Therefore 
using H31|) and H33|) we can bound H'rlsg^j ||i2m in terms of ||(T||i2 and ||T||^2m. 
Combining this with H32() and ||cr||L2 ^ £'5||d(T||i2, we prove H30|l for some i?4 > 
depending only on Ei, E2 and m. □ 

Finally we prove an elliptic regularity result for u i— > d*(V'™ cos^du) on N . 

Proposition 5.13 There exist CyjCg > depending only on A^, Ai^, Ac^^ Aq 
and m such that if u e Lf^iN), v G i?'"(iV) with d* (-0™ cos 6* dw) = v then 

W'^^uWl^ siC7{t-^\\du\\L2 + \\v\\l2), and (34) 
\\VMl2^ ^ C8(t-('"+3)/2||du|U2 +^-l||^;|U2,„ + lldHU-). (35) 



Proof. Let x e N, and define a = *J(w) € Ll^'iBj) and r = r2'I'*(w) e 
L\"^{B-i). Then pulling the equation d* (-0™ cos du) — v back using ^^a; and 
rewriting it in the standard coordinates (cci, . . . ,Xm) on B3, calculation shows 
that idHl) holds, where 

a'^ = -Kii^"' cos 9)[{r-^^l{h)yy^ and 

Here (r^^** (/i))-i denotes the inverse in S'^TBs of the metric r^'^^*{h), and 
[. . .]*•', [. . .]ki is the index notation for tensors, and [r^'^'i>*^(h)]ki is regarded as 
an m X m matrix, so that we can take its determinant. 

Now by Proposition 15.91 if Di is small then r~^^'*(/i) is close to go, 
and hence close as Lf" ^ by TheoremO Therefore (r'^^-* (/i))-i is 
Lf™ and close to g^^ , and thus [(r"2^;(/i))^i]*J is L^™ and close to 8). 

Since the component of /3|Ar in A™^^/f* (g) T^* is tp"^cos9, the inequality 
11/311(^0 ^ A4 in Theorem 15.31 implies that ip™cos9 ^ A4. Using cos6' ^ ^ 
from Definition 15.21 and tp ^ A3 > hy Theorem 15.31 then gives < ^ A™ ^ 
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**(-!A""cos6l) ^ Ai on B3. Combining this with the fact that [(r'^** (/i))-!]*^' 
is C° close to (5], we can find £^1 > depending only on Di^A^^Aj^ and m such 
that the first equation of lf77|) holds. 

Again, the inequality ||V'=/3||c(' < A^t'^ for k = 0,1,2 in Theorem [Q 
implies that | V'=(V'™ cos 6')|7v |^ A^t'^ for fc = 0, 1,2 on TV. As r = Djt, this 
implies that \SI^{ip™- cos 0)|Ar ^ fc = 0, 1, 2 on N, taking | . | using 

the metric r^'^h rather than h. Pulling back to ^3 using '^^ and using the fact 
that r~^^'*(ft,) is close to we can find Eg, > {) depending on A4,Di,D2 
and m such that cos 61) Es on B3 for A: = 0, 1,2. 

Combining this with ^ and \\r~^'9*{h)-go\\L'^^ ^ ^1 

we can find E2 > 

depending only on A3, A4, Di, D2 and m such that the second equation of H27|l 
holds. Therefore Proposition IS . 1 21 gives i?3, i?4 > such that and hold. 
Here V and all norms are taken w.r.t. go on i^s. But as ||7'^'^^^(/i)— ffollil™ ^ -Di 
we can increase E3, E4 to E'^, E'^ depending only on E3, E4, Di and m such that 
(|2n|) and hold with V and aU norms taken w.r.t. r~^\E'*(/i) on ^3. 

Pushing these inequalities forward with and remembering that a — [u) 
and r = r^'^%{v) gives 



V^u|vt,(B2)|L2 ^ £^3(?- idu|.t_^(B3)||^2 + ||t;|vt^(B3)||^2) and (37) 

(38) 



+ ^ 1^^1*^(53) ILs™ + II dw|*,(S3)||^2,„)- 

Here V and all norms are taken w.r.t. and the powers of r compensate for 
the change of metrics from r^^h to h, and the factor in t = r^^'*(w). 
Raising (|37|l and H38() to the powers 2 and 2m respectively, we deduce 

/ \\l'^u\'^AV ^2{E'^f ( (r-2|du|2 + |w|2)dy and 

2m-2 [ |j |2 



iV^ul^" s$ 32"-i(£;^)2"r-"('"+3)||dM|*^(B3)||;j^T / \du\^AV 
+ ^'^"'-^E'^f"' [ (r-2"|up" + |d^;p")dy, 

"'*.(B3) 

since (a + 6)^ ^ 2{a^ + b^) and (a + 6 + c)^™ ^ 32™-i(a^™ + + c^")- As 
Br(x) C '^x{B2) C *a;(B3) C -84^(0;) by Proposition ESI and ||dM|^^(S3) 11^2 < 
||du||L2, this gives 

/ iV^ul^dV^ ^ 2(^^)2 /" {r-^\du\^ + \v\^)dV and (39) 

iv^up™ 32™-i(i;;)2"r-'"(™+3)||dM||^™-2 /■ idupdv^ 

BAx) JBiAx) ^^Q^ 

+ 32"-i(i;^)2'" [ (r-^^lwp™ + |dwp'")dl/. 
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Integrate ijSSI) and (gUJ) over x € N. The left hand side of gives 
/ / \V^u\%y)dVydV^ = / / \V\\''{y)dV^dVy 

JxeN JyeBr(x) JyeN Jx£Br{y) 

= f Yol{Briy))\V\fiy)dVy, 

JyeN 

exchanging the order of integration of x,y and noting that y e Br{x) if and 
only if a; e Briy). Using Ligf™ < vol(-B^(y)) < vol(S4r(y)) Dit"" from 
Proposition we get 

/ Dst'^lV^ufdV ^2{E'3f f D4f''{r-^\duf + \vf)dV and 

f A-ii"|V\|2" s$ 32"-i(£;^)2'"r-"'(™+3)||dM||2^"2 /" Dit"'\dufdV 
Jn Jn 

+ 32"-i(£:;)2™ [ Dit"'{r-^"'\v\^"' + \dv\'^"')dV, 
Jn 

or equivalently, dividing by D^t"^ and substituting r = D2t, 

\\WMh^'2D-'D,{E',)'{D-^t-'\\du\\l, + \\v\\l,) and (41) 

+ 32"-li?3-li?4(S^)2™(i?2"2m^-2m||^|j2m^ ^ 1 1 di; 1 1 i'?^ ) . 

Raising (gfj, gSJ to the powers 5, ^ and using ^ a^^'^+b^^'^ and 

(a+6+c)i/2™ ^ Qi/2m_|_^i/2m^^i/2m f^^. 5^ c > yields (EH) and ^ with 

C7 = 2i/2L>3"^/^i:)y2i;^ miai{D-\ 1) and 

Cg - 3l-l/2™I?3"'/'"Z?y'"^;;^laxp2-("+^)/^i?2-^l). 

These depend only on ^43,^14,^5, Aq and m, and the proof is complete. □ 



5.5 The proof of Theorem 15.31 

We shall now prove 

TheoremOl Let / e C°^{N), and apply Lemma [571 to the 
1-form a = df. As da = automatically, the lemma shows that if ||d/||co < Ait 
then <i>(r(d/)) is special Lagrangian if and only if 

d* (V-™ cos 61 d/) ^il;"'sme + Q{df). (43) 

The idea of the proof is to construct by induction a sequence (/n)5^Lo i^i C°°{N) 
satisfying ||d/ri||co < Ait and 

d*(V''"cos0d/„) = V""sin^? + g(d/„-i) (44) 
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for n ^ 1. Then we prove using a priori estimates that the /„ converge in 
L§™(7V) to / which satisfies (O, and finally we show that / S C°° {N) by 
elliptic regularity. 

We start with two lemmas. The first follows from Aubin 1, Th. 4.7], and 
will give existence for /„ in H44|) by induction. 

Lemma 5.14 For each v € C°°{N) with Jj^vdV = there exists a unique 
u e C°°{N) with Jj^udV = and d* {ip"^ cos 6 du) = v. 

Lemma 5.15 Let v e C°°{N) with 7rw-(w) = and w e W. Then ||du||i2 + 
||du;||i2 2||dw + dw||i2. 



Proof. Using integration by parts and Holder's inequality gives 



lldw + dwlli^ = \\dv\\l2 + \\dw\\l2+2{dv,dw) = \\dv\\l2 + \\dw\\l2+2{v,d*dw) 



^ \\dv\\h 

^j{\\M\- 



\dw\\l2 - 2\\V\\ L2^/(^-2)\\d*dw\\ L2m/(m + 2) 



\dw\\ 



2Ar\\dv\\L2 ■ ^Aj^\\dw\\L2 



\dw\\ 



{\\dv\ 



L2 



\dw\\ 



by parts (vi), (vii) of Theorem 15. 31 The lemma follows. □ 

The following proposition constructs the sequence (/n)^o proves the a 
priori estimates we need. At various points in its proof we shall need t to be 
smaller than some positive constant defined in terms of k and Ai, . . . , Ag. As 
a shorthand we will simply say that this holds as i ^ e, and suppose without 
remark that e > has been chosen so that the relevant restriction holds. 

The constants Ci , . . . , Cs > appearing in the proposition and proof are 
those of Propositions 15.81 15.111 and 15.131 Note that as Ci , . . . , Cs depend only 
on Ai, . . . , ^7 and m, it is all right for e, F2, . . . , to depend on them. 

Proposition 5.16 There exist e, K, Fi, . . . , F^ > Q depending only on m, k and 
Ai,. . . ,Ag,, such that if < t ^ e then there is a unique sequence {fn)^=o 
C°°{N) with /o = satisfying and /„ dV — for all and 



(A) 
(B) 
(C) 
(D) 
(E) 



Wn\\L- ^ Fit^+"'/\ 
\V'fn\\co^Fst--^^C2 



^Fit^ 



-3/2 



(a) 
(b) 
(c) 
(d) 
(e) 



|d/„-d/„_i||co s=:i^2-"t-, 

|V2/n - V2/„_i||co F32-"i-l, 
|V3/n - V3/„_i|U2,„ F42-«t«-3/2. 



Proof. First note that as /o = we have fk — X]n=i(/n ~ /n-i)- Suppose that 
(a) holds for n ~ 1, . . . , k. Then we have 



|dA||L2 sc: J2 l|d/« -d/„_i|U2 F^t«+™/2^2-" s; 



m/2 
n=l 
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Therefore (a) for n = 1, . . . ,k implies (A) for n ^ k. In the same way, (b)-(e) 
for n = 1, . . . ,k imply (B)-(E) for n ~ k. The extra inequalities Kf^ ^ Cit and 
Fat'^-i < C2 in (B), (D) hold as k > 1 and i < e. 

Next suppose that fi,---,fn exist and (a), (c), (e) hold for n, for some 
Fi,F2,F4 > depending only on m, k, Ai, . . . , A^. We shall prove (b), (d) for 
n. Apply Proposition 15 . 1 II to a = d/„ — d/„_i. Equation (|26|) yields 

II V Vn - V Vn-l 1 1 CO Ce (i 1 1 v3/„ - V Vn-l II + i 1 1 V - V Vn-l 1 1 lO 

for n by parts (c), (e), where F3 = Ce{F4 + F2). This proves (d). Similarly, 
and parts (a), (d) prove part (b), with K — (75(^3 + Fi). 

Therefore, to complete the proof we only need to show that a unique sequence 
{fn)^=o exists and satisfies (|^ . /„ dV = and parts (a), (c) and (e) for all 
n > 1. We will do this by induction on n. The first step is the case n = 1. As 
fo — and Q{0) = by Lemma I^TI equation gives 

d* (V'" cos d/i) = t/." sin 9. (45) 

As in the proof of Lemma [5. 71 ip™ sin^^dV^ = 0, so Lemma [5.141 shows there 
exists a unique /i £ C°°{N) satisfying (glj and /i dV = 0. 

Let w = Tr„{fi). Multiplying l|45|l by /i and integrating over N yields 

iA^||d/i||i. s; / V'"cos0|d/i|W= [ M"'sm0dV 

JN JN 

= I {fi-w)^"'sinedV+ [ wn„{iP''''sme)dV 

JN JN 

^ ||/i-w||L2,„/(,„-2)||V''"sin6'||£2™/(™+2) + ||w||cn||7r„,(V'™sin6')||^i 
s; Arlld/i - du;||L2 • A2i''+"/2 + Ast^-^'/^Wdwh^ ■ Aai'^+^^i 
• 2||d/i|U2 • A2i"+"/2 + A8ti-"/2 . 2||d/i|U2 • A2t^+"'-\ 

Here the first line uses part (ii) of Theorem 15.31 and cos 9 ^ ^ from Definition 
15.21 the second the fact that {w , i/j™ sin 9) = {w,Tr^y{tp™' sm9)) as w G W, the 
third Holder's inequality, the fourth parts (i), (vi) and (vii) of Theorem 15. 31 and 
the fifth Lemma EI3 with v = fi - w. Therefore ||d/i||i2 ^ 4yl2^;^'"(^7 + 
^g^^«+m/2^ which proves part (a) forn = 1 with Fi = 8A2A^"'{A7 + As). 
Now apply Proposition 15 . 131 with it = /i and v = t/j"^ sin 9 by 145() . to get 

||VVi||l2 ^ C7(i-i||d/i||i2 + ||^'"sin0|U2) 

^ C7{t-^Fit^+"'/^ + A2t''+"'^^-^) = iF2i'^+"/2-i and 
llVVilU- ^ C8(t-(™+3)/2||d/i|U2 +t-i||^.'"sin0|U2,„ + ||dV/"sin0|U2™) 

^Cs{t-^'''+^^/^F^t''+"'^^+t-'A2t'^-'^^ + A2t^-^^^') = lF4t--^/^, 

where F2 = Cj{Fi + 2^2) and F4 = CsiFi + AA2). Here we have used (a) 
when n = 1 and part (i) of Theorem 15.31 noting that ||?/;™ sin 0||^2m/(m+2) ^ 
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ji^^t>^+m/2 lit/,™ sin 6* 1 1 CO ^ A2t'^-^ imply that HV'™ sin 6*11^2 ^ ^2i«+W2-i 
and ll'i/;"' sin 0||i2m ^ A2t'^~^^^ by interpolation. This proves (c) and (e) for 
n = 1, completing the first step. 

For the inductive step, suppose by induction that fc ^ 1 and that fi, . . . , fk 
exist and satisfy (gH), /„ dV = 0, (A)-(E) and (a)-(e) for n = 1, . . . , /c. We 
shall show that there exists a unique fk+i satisfying (|^ . /„ dV = and 
parts (a), (c) and (e) for n = /c + 1. 

By (B) we have Hd/feHco ^ Cit, and Ci < Ai by Proposition 15.81 so 
lld/fellc" < Alt, and Q{dfk) is well-defined. Also Q{dfk) dV = by Lemma 
15.71 and t/'™ sin6'dy = as above. Therefore by Lemma fS . 1 41 there exists a 
unique fk+i € C°°{N) satisfying for n = k + 1 and fk+i dV = 0. 

Let u = fk+i — fk- Subtracting for n = A; + 1, n = A: gives 

d* cos e du) = d* (i/." cos (d/fe+i ~dfk)) = Q(d/fe) -Q(d/fe_i) ^v, (46) 
say. We shall estimate some norms of v. 

Lemma 5.17 There exist Gi, G2 > depending only on C3, C4, K, Fi, . . . , F4 
and m such that \\v\\lp < Gi2-V''+"'/p-^ for p ^ I, \\v\\c^> < Gi2~''t^'^-'^ 
and \\dv\\L^.^ ^ G22-H^''-'^^^ . 



Proof. Observe that (B) and (D) for n = k,k — 1 give 

WdfkWco, Wk-iWc < Cit and \\V^fk\\co, HV^/fc-illco C2. 
So we may apply Proposition 15 . 81 with a = dfk and /3 = dfk-i, and H2()|l gives 

\v\ ^ C3{t-'\dfk - d/,_i| + \\/^fk - VV/c-ll)- 

{t-'\dfk\ + t-'\dfk-i\ + \v'fk\ + \y'fk-i\). 

Integrating (|T7|l over TV and using parts (A), (C), (a), (c) for n = /c, fc — 1 
shows that ||?;||ii ^ 4C3(Fi + F2f2-V''+"'-^. Taking the supremum of g7J) 
over A'' and using parts (B), (D), (b), (d) for n = k,k — 1 gives ||w||co ^ 
4C3(A: + F3)^2-H^''-^. Define Gi = 4C3max((Fi + i^2)^ (K + Faf). Then 
||z;||ii ^ Gi2-'=i2«+m-2 ii^ii^^^ ^ Q^2-H^''-^, so \\v\\lp ^ Gi2-42''+™/P-2 
for p 1 by interpolation. A similar but longer proof using and (A)-(E), 
{a)-(e) for n = k,k-l gives G2 with ||dw||i2™ < G22-V''-^/^. □ 

Let w — Tr„(u). Multiplying (|46() by u and integrating over N yields 

^A^\\du\\l2ii I ilj"'cose\du\'^dV= I uvdV= [ {u-w)vdV+ [ wvdV 
Jn Jn Jn Jn 

< ||U - W\\ l^2m./im-2)\\v\\ l^2r„./lm + 2) + \\w\\ QO \\v\\ 

< A7||dM-dii;|U2 • Gi2-H^''+"'^^-^+Ast^-"'/^\\dw\\L2 ■ 0^2-^^''+"'-^ 
sc A7 ■ 2||du||L2 • Gi2-'=t2''+™/2-i+^gii-W2 . 2||dM||L2 • Ci2-''t^^+"'-^. 
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Here the first line uses part (ii) of Theorem 15.31 and cos ^ ^ from Definition 
15.21 the second Holder's inequality, the third parts (vi) and (vii) of Theorem l5.3l 
and Lemma 15.171 and the fourth Lemma l5. 151 with u — w in place of v. 

Cancelling shows that ||du||L2 ^ AGiAj"'{Ar + As)2~H^^+"'/^-^. As u = 
fk+i — fk and Fi — 8^2^3 "(^t + ^s), this implies part (a) with n = fc + 1 if 
f^^^Gi ^ A2, which is true as k > 1 and t ^ e. Now apply Proposition 15 . 131 to 
H46() . so that H34() . part (a) with n — k + 1 and Lemma [5 . 1 71 give 

llVVfc+i - V^MU. ^ Cr{t-^dfk+i - d/fclU^ + \\v\\l2) 

Since F2 = CriFi + 2A2), this implies part (c) with n = fc + 1 if Gif^^^ < A2, 
which is true as k > 1 and t ^ e. 

In the same way, from (I35|l . part (a) with n = k + 1 and Lemma 15.171 we get 

llVVfc+l-V^MU^™ < C8(t-(™+=^)/'||d/fc+i - d,h\\L^+t-^\\v\\L2,. + \\dv\\L2^) 
C8(t~'™+^^/^-Fl2^''^4'"+™/2+t"lGi2"'=i2K-3/2^g^2-'=i2K-5/2j_ 

As F4 = Cs{Fi + 4A2), this implies (c) with n = fc + 1 if (Gi + 02)^"-^ 2A2, 
which holds as k > 1 and < ^ e. This completes the inductive step, and the 
proof. □ 

We can now finish the proof of Theorem 15. 31 If w e G^ (N) and u dV = 
then u{x) = for some x d N. If ?/ e iV, then x and y are joined by a smooth 
path 7 in iV of length no more than diam(iV), the diameter of N. Integrating 
along 7 shows that \u{y)\ < diam(iV)||dM||co. Hence ||u||c° ^ diam{A^)||du||(70. 

Applying this to part (b) of Proposition 15. 161 gives 

Wfn - /„-i||c« ^ diam(iV)2-"t« for n^l. 

Combining this with parts (b) and (d) shows that (/n)5?Lo a Cauchy sequence 
in the Banach space C^iN). Let / be the limit of (/„)~^o in C^iN). 

Part (B) gives ||d/„||co < Kf^ ^ Git < Ait, as Gi < Ai by Proposition 
Taking the limit as n ^ cxD gives Hd/Hco ^ Kf^ < Ait. Therefore Q{df) is 
well-defined. Since Q{a) depends pointwise on a, Va and /n ^ / in C'^{N) it 
follows that Q{dfn) Q(d/) in G°(A^) as n — > 00. So taking the limit n ^ 00 
in (gjl we see that (03 holds for /. 

By Definition 15.51 and Proposition l5.f)l equation H43|l is equivalent to 

F'{x,df{x),V'f{x))=0. (48) 

This is a second-order nonlinear elliptic equation on /. Note that F' is not linear 
in V^/(x), so that 1)48(1 is not quasilinear, and that F' is a smooth function of 
its arguments. Now Aubin T, Th. 3.56] gives a regularity result for G^ solutions 
of such equations, which implies that / € C°°{N), as we wish. 

We have constructed e, K > in Proposition 15.161 depending only on m,K 
and Ai,...,A8, and / e G°°(A^) with ||d/||co < Kf" < Ait satisfying (g^). 
Taking the limit n ^ 00 in /^^ /„ dF = yields / dy = 0. Finally, (gSl and 
Lemma f5 . 71 show that $,(r(d/)) is an immersed special Lagrangian m-fold in 
(M, J, uj, n). This concludes the proof of Theorem 15. 31 
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6 Desingularization: the simplest case 



Let {M, J,uj,il) be an almost Calabi-Yau m-fold, X be a compact SL m-fold 
in M with conical singularities at xi, . . . , a;„ with cones Ci, and Li, . . . , L„ be 
AC SL TO- folds in C™, where Li has cone Ci and rate for i = 1, . . . ,n. The 
goal of the rest of the paper is to desingularize X by 'gluing' Li,...,L„ in 
at . . . jXn, to produce a family of compact, nonsingular SL m-folds N*' for 
t £ (0, e], which converge to X as t — *■ in an appropriate sense. 

Very briefly, we do this by first shrinking Li by a small factor i > and 
gluing tLi into X at Xi to make a family of compact Lagrangian TO-folds N*' for 
t e (0, (5), and then applying Theorem l5.3l to show that can be deformed to 
a nearby SL TO-fold TV* when < t ^ e < (5. Now to do this in full generality 
is rather complex. Therefore we begin in this section with the easiest case, in 
which Ai < for all i and X' = X \ {xi, . . . , Xn} is connected. 

As explained in this simplifies the problem, avoiding issues of small eigen- 
values and obstructions to the existence of A^* from global symplectic topology. 
Section [7| will extend the results to the case when X' is not connected. The 
sequel ^21 will study the case when Ai = and Y{Li) ^ 0, and extend the 
results to families of almost Calabi-Yau TO-folds {M, J'*, cj", fi'*) for s e T. 

6.1 Setting up the problem 

We shall consider the following situation. 

Definition 6.1 Let (M, J, lj,!!) be an almost Calabi-Yau TO-fold with metric 
g, and define ij} : M (0,oo) as in JSJ. Let X be a compact SL TO-fold in 
M with conical singularities at xi, . . . , a;„ with identifications ui, . . . , u„, cones 
Ci,...,C„ and rates G (2,3), as in Definition 13.41 Define = 

C, n 52™-! for i = 1, . . . , n. Let Li, . . . , L„ be AC SL TO-folds in C", where 
Li has cone Cj and rate A^ for i = 1, . . . , 71, as in Definition 14.11 Suppose that 
Ai < i(2 — to) for i = 1, . . . , n. 
We use the following notation: 

• Let i?, _Bfl, X' and i^, T; for i = 1, . . . , n be as in Definition 13.41 

• Let C and Uc^, ior i — 1, . . . , 71 be as in Theorem 13.61 

• Let i?', K and (f>i, rji, rj}, rjf, Si for j = 1, . . . , rt be as in Theorem 13. 71 

• Let Ux', be as in Theorem 13.91 

• Let Ai be as in Theorem 13. 81 for i = 1, . . . , n, so that rji = dAi. 

• Apply Theorem 14. 51 to Li with C, Uc- ,^Ci as above, for i = 1, . . . ,n. Let 

T > be as in the theorem, the same for all i. Let the subset Ki C Li, 
the diffeomorphism ipi : "Si x (T, 00) Li \ Ki and the 1-form Xi on 
Si X (T, 00) with components xliXf be as in Theorem l4.5l 

• Let Ul. , be as in Theorem 14. 71 for i — 1, . . . ,n. 

• Let E, e (S^ X (T, 00)) be as in Theorem EH for i = 1, . . . , n. 
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In H6.4h t i6.!3l we will also suppose that X' is connected, and in ti6.5l we will 
relax the condition Ai < ^(2 — m) to Ai < using Theorem 14.61 With this 
notation, we define a family of Lagrangian m-folds iV* in (Af, lo) for t G (0, 6). 

Definition 6.2 In the situation of Definition 16. II choose a smooth, increasing 
function F : (0, oo) [0, 1] with F{r) ee for r G (0, 1) and F{r) = 1 for r > 2. 
Write F' for dF/dr. Let t > act as a dilation x i x on C". Write tKi, tLi 
for the images of Ki, Li under t, so that tKi = x : x G A'^}, and so on. Let 
T G (0, 1) satisfy 

max ( ^ -) < r < 1, (49) 

which is possible as /i^ > 2 implies (m + 2)/(2/ii + m — 2) < 1. 

For i = 1, . . . , n and small enough t > 0, define — Ti{tKi). This is well- 
defined if tKi C Bfi C C™ , and is a compact submanifold of M with boundary, 
diffeomorphic to Ki. As is Lagrangian in (C"',cj') and T*(aj) = uj' , we see 
that P* is Lagrangian in (M, w). 

For i = 1, . . . , n and t > with tT < f < 2r < i?', define a 1-form 4* on 

X (tr, i?') by 

eK'T, = d[F{t-^r)Ma, r) + t\\ - F{t--r))E,{a, V)] 

= P(t-^r)?7,((7,r) +i-^F'(t-^r)A,(a,r)dr (50) 
+ - F{t-''r))x^{(T,t-\) - t^-'' F' {t-''r)E,{a,t-\)dr. 

Let be the components of ^* in T*T, and K, as for r]i,Xi in Theorems 

Oandll^l Note that when r > 2r we have F{t-''r) = 1 so that £.l{(J,r) = 
r]i{a,r), and when r ^ we have F{t~^r) = 0, so that CK^'i''') = t^Xii'^it"^^)- 
Thus ^* is an exact 1-form which interpolates between r]i (a, r) near r = R' and 
t^Xi(^j ^~^'') near r = tT. 

Choose S G (0, 1] with ST < 26'' R' and dK,ClBRClC"^ and 

|^*(cr,r)| < Cr on E, x (tT, i?') for aU i = 1, . . . , n and t G (0, (51) 

Here t G (0,(5) and ^ < 25^ < i?' imply that tT<r<2r<i?', so C| exists. 
As |77i(CT, r)| < (r in Theorem 13.71 and ^* = 77^ when r ^ 2^"^, equation 151|1 holds 
automatically on E,j x [2t'^,R'). Similarly, as |xi(CT, r)| < (^r in Theorem 14.51 
and ^*((T, r) — t^xA'^^t^^''') when r ^ , equation ifCT) holds on E^ x (tT, i'^]. 
We can show using Q), (^21 and (jSUI) that |(SIJ holds on E^ x {f^ , 2t'') for small 
enough i > 0, so (5 exists. 

For i = 1, . . . , n and i G (0, 5), define S* : E^ x (iT, i?') M by 

S*(a,r) =T,o<i>,^(a,r,C'^*(a,r),ef*(a,r)). (52) 

Then (• • •) is well-defined as |^|(cr, r)| < Qr by H51|) . and making R' smaller 
if necessary we can ensure that (• • ■) lies in Bji, so S* is well-defined, and is 
an embedding as T^, <^Ci are. 

Define Q\ = S*(E, x\tT, R')) for i = 1, . . . , n and i G (0, 5). As T*(w) w', 
$* .(a;') = cl) and 4* is a closed 1-form we see that (S*)*(a;) = 0. Thus Q\ is 



30 



Lagrangian in (M, oj) , and is a noncompact embedded submanifold diffeomor- 
phic to Si X {tT,R'). For t e (0,5), define A^* to be the disjoint union of K, 
Pi, ■ ■ ■ ,Pn and Q\, . . . , Q*^, where K C X' is as above. 

Then iV* is Lagrangian in (M, w), as if, P/ and Q* are. We claim that TV* is 
a compact, smooth submanifold of M without boundary. That is, the boundary 
dPl = Ei joins smoothly onto Q* = x {tT,R') at the x {iT} end, and 
the boundary dK is the disjoint union of pieces for i = 1, . . . , n which join 
smoothly onto Q* = E^ x (iT, R') at the E^ x {R'} end. 

To see this, note that S,licr,r) = t'^Xii'^^t^^''^) on E^x (tT, t'^], and so 

S*(a, r) = T, o (a, r, t\l{a, t-\),txl{<y, V)) 

= T,(t (a, V, x!(a, V), x^(a, V))) - T,(t ^,(a, V)) 

on EiX(tr, t"^], using (|ll|l and the dilation equivariance of in Theorem 13.61 
Thus the end S* (E, x (tT, T]) of g* is T,(t (p,(E,x (T, T^i])) C T,(tL,), and as 
(EiX(T, t'^~^]) C Li joins smoothly onto Ki C Li we see that S* (T.iX{tT, t"^]) C 
Qi joins smoothly onto P* — Ti{tKi). 

In the same way, as ^* = rji on Ei x [2t'^, R') Theorem 13.71 gives 

El{a,r) =T,o^c^{a,r,r]l{<j,r),Tjf{a,r)) ^ T, o (/),{<!, r) on E, x [2t\R'), 

so S*(E, X [2t\R')) C Q* is T, o ,/)i(Ei x [2r,i?'))) C 5, C X', which joins 
smoothly onto K. Therefore is compact and smooth without boundary. 

Here iV* depends smoothly on t, and converges to the singular SL m-fold 
X in M as i — ^ 0, in the sense of currents in Geometric Measure Theory. Also 
A^* is equal to X' in K and the annuh S*(Ei x [2t'^,R')) C Q*, and equal to 
T^{tL,) on P* = T^{tKi) and the annuU S* (E, x (tT, T]) C Q\. In between, on 
the annuli S*(EiX (t'^,2t'^)) C Q*, interpolates smoothly between X' and 
Ti(tLi) as a Lagrangian submanifold. 

At several points later on we shall make S > smaller if necessary to ensure 
that something works for all t G (0,5). This is for simplicity, to avoid introducing 
a series of further constants 5', 5", ... in (0, S). 

6.2 Estimating Imfi|jvt 

We now prove estimates for Imrij^v*, to use in part (i) of Theorem 15. 31 Here is 
some more notation. 

Definition 6.3 In the situation of Definitions 16.11 and 16.21 let /i* be the re- 
striction of g to iV* for t S (0,5), so that (A^*,ft,*) is a compact Riemannian 
manifold. As X', Li are SL m-folds they are oriented, and iV* is made by gluing 
X' , Li, . . . , Ln together in an orientation-preserving way, so is also oriented. 
Let dV* be the volume form on induced by /i* and this orientation. As in 
(^3) we may write n\Nt = ^/'™e*^ d^* for some phase function e'^ on iV* . Write 
£* = V'^sine*, so that lml7|Art = e* dV* for t € (0,5). 

We compute bounds for e* at each point in A^*. 
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Proposition 6.4 In the situation above, making S > smaller if necessary, 
there exists C > such that for all t G (0, 5) we have = on K, the pull-hack 
(S*)*(e*) of e* on Q\ satisfies 

[Cr, re{tT,t% 

io, re[2t^,R'), 

(C, re{tT,t-], 
|(S*)*(de*)|(t7,r) ^ <^ C7r(''»-3) +Ct(i-")(2-A0-r^ re(r,2r), (54) 

and |e*KCt, |de*| C on for all i = 1, . . . ,n. (55) 
Here \. \ is computed using the metrics (S*)*(/i*) in (|54|) and h^ in (|55|) . 

Proof. Since A^* coincides with X' in K and x [2t'^,R')), and Imfilx' as 

X' is special Lagrangian, we see that e'^ = on K and x [2t^ , R')), giving 

the bottom hnes of and f^. 

As T*(Imr2) is a smooth m-form on and T*(lmil)\o — v*{lmQ,) = 
1P{x^)"'lII^^^' by Definition 1X1 we see that T*(Im^l) = V(a;j)™ ImfJ' + 0(r) 
on Bn, by Taylor's Theorem. Since tLi is special Lagrangian in C™ we have 
Imfi'lfL, = 0. Thus 

|T*(Imr!)|tiJ =0(r) ontL.nBR, (56) 

computing | . | using the metric T*{g) on B^j, restricted to tLi. 

Now iV* coincides with T,(tLi) on and S*(Sj x (ir,r]), so e*dV^* = 
Im fl|x.(fLi) on these regions. As ft,* is the restriction of g to iV* we have \dV*\ = 
1, computing | . | using g, so 

|T*(e*)| = |T*(Iml7)|tL^| on i(i^ U (^.(S, x (T, ^-i]) C tL^ n B,?. (57) 

Combining ^ and (^3 gives |£*| = 0((T,),(r)) on P* and x 
(tT,r]). As (Tj),(r) = 0(t) on P*, we see that 

|(S*)*(£*)|((7,r) = 0{r) for r G {tT,^], and |e*| = 0(t) on P^. (58) 

A similar argument for the derivative de* gives 

|(S*)*(d£*)|(a,r) = 0(1) for r E {tT,t^], and |d£*| = 0(1) on P^. (59) 

Next we estimate e* and de* on the annuli S* (S^ x (t'^, 2i'^)) . First we bound 
^* and its derivatives on x {f^ ,2t'^). From ((TJ and ((T^ we find that 

|V'''A,(a,r)| =0(r(^'^'=)) and \\/'' E,{cr,t-^r)\ = 0{t-^^+^^^^^''^) 
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for r G {f^, 2V), computing V, | . | using the cone metric L*{g') on Sj x {V , 2t'^). 
Substituting these into ifSU]! gives 

|V'^4*((T,r)| = + 0(i2-^'+^(^'-i-'=)) for r G (^,2^), (60) 

computing V, | . | using the cone metric L*{g'). 

Now T*(e*) depends pointwise on ^* and V^,*, and when Vi^* are small the 
dominant error terms in e* are linear in V^* . Similarly, de* depends pointwise on 
Ci) ^'^d V^^*, and when are small the dominant error terms in de* are 

Hnear in V^^*. The metrics L*{g') and (S*)*(/i*) on x {f ,2t'^) are equivalent 
uniformly in <, so l^o^ also holds with V, | . | computed using (S*)*(/i*). 

Putting all this together we see that 

|(S*)*(e*)| = 0(i-(^-2)) + 0(t(i-)(2-A.)) and 
|(S*)*(de*)| =O(i"(^'-3))^O(^(i-r)(2-A0-r) forre(^^2^), 

computing | . | using (S*)*(/i*). Here we have used /i,; < 3 and r > to absorb 
error terms 0{V) and 0(1) respectively into the first term on the right hand 
side of each line of (|61|) , from the same source as (|58|) and (|59|l . Making (5 > 
smaller if necessary, the rest of (|53|) - (|55|l now follow from (|58|l . (|59|l and (|61|l . 
for some C > independent of t. □ 

Now we can estimate norms of e* and de*, as in part (i) of Theorem 15. 31 
Proposition 6.5 There exists C" > such that for all t G (0, 5) we have 

|l£*L2™/(™+2, C'i^^l+'^Z^) ^(tr(M.-2) + ^(l-r)(2-A.))^ (62) 

n 

Ikico ^ C'^(r(^'-2) ^^(l-r)(2-A,))^ (63) 
n 

and ||de*|U2,„ ^C'i-^/2^(r('''-2)_^^(i-r)(2-A.)^^ (64) 

1=1 

computing norms with respect to the metric /i* on N*. 

Proof. As g' and T*{g) are equivalent metrics on Bn, it is easy to see that there 
exist Di,D2,D3 > such that for all t G (0, 6) we have 

vo^i^*) < D,t"^, vol(S*(E, X (r, 2^))) ^ D,t"^- 
and (S*)*(dy*) DgdVg' onEix(tr,r], 

where dVg' is the volume form of the cone metric i.*{g') on Ej x (tT, i"^]. 
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Combining (|^ and (|^ wc find that 




+ 2?2t"" ^(Cr^^'"'^ + Ci(l~^)(2-A.))2m/(™+2) 
i=l 

+ D3Vvol(S,) / (Cr)2'"/(™+2)^m-lj^_ 

Raising this to the power (m + 2)/2m and manipulating, we can prove Ht)2|) for 
some C" > depending only on C, Di, Z?2, -D3, to, n and vol(Si). Equations 
and (|64|l follow by similar arguments. □ 

Now for part (i) of Theorem ESI to hold, we want ||e*|li2™/(™+2) 742^''+"/^ 
Iklcti 5% ^2^""^ and ||de*||L2„. ^a^''"^/^ for some k > 1. Clearly, as t < 1 
from (|62|l - Ht)4() these hold with A2 — 2nC' provided for alH = 1, . . . , n we have 

T(l+TO/2)+T(^i-2)>K+TO/2, T(l + TO/2) + (l-r)(2-Ai)^K+TO/2, (66) 
r(/i,-2)>K-l, (1-t)(2-A,)^k-1, (67) 

-r/2 + r(^,-2) ^ K-3/2, and - t/2 + (1-t)(2-A0 ^ k-3/2. (68) 

Elementary calculations using 0<r<l, /ii>2 and Ai < 2 show that the 
first equation of H66|) admits a solution k > I provided t > (2+TO)/(2/ii — 2 + m), 
and the second equation of H66|) admits a solution k > 1 provided A— 1 + to/2 < 
0, that is, provided A,; < ^(2 — m) as in Definition 16.11 Also H66|) implies H67|l 
and (IHHIl as T < 1. 

Therefore, in Definition 16 . 21 we choose t e (0, 1) to satisfy (|49|l . Then there 
exists K > 1 satisfying (|66|I - H68() for alH = 1, . . . , n, and we have proved: 

Theorem 6.6 Making S > smaller if necessary, there exist A2 > and k > 1 
such that the functions e* = ^"^sm9* on N* satisfy ||e*||i2™/(m+2) ^ yl2t''+'"/^, 
||e*||co < ^2^-'^ and ||de*||L2,„ < A2t''-3/2 ^ ^ j^q^^-j^ ^^^^ (-j^ 

Theorem 15.51 

Here is why the condition A^ < 5(2 — to) is needed in Definition 16. II In H13|l 
the term Ct^i-r){2-\^) ^^^^ ^ ^ (r,2r) contributes C"t2-^"+^(^'-i+™/2) to 
the bound for ||e*||i2™/(™+2) in Now if A-^ ^ i(2 - to) then 2 - A, + t{\, - 
1 + m/2) ^ 1 + to/2 for all r € [0, 1], so whatever value of r we choose our 
estimate for ||£*||£,2m/(m+2) will be at least as big as 0(<-^+'"/^). 

But for Theorem 1^ to work we need ||e*||i2™/(™+2) = ©(i'^+^Z^) for k > 1, 
that is, we need ||e*||2,2m/(m+2) to be smaller than 0(t^+™/^). If \i ^ \(2 - to) 
then Li does not decay to the cone Ci fast enough at infinity, so the errors we 
make in tapering Li off to Ci are too great for the method of ^jS] to cope with. 

The condition Ai < 5 (2 — to) in Definition 16.11 will be relaxed to Aj < in 
H6. 51 using Theorem 14. 61 so it is not as strong a restriction as it appears. 
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6.3 Lagrangian neighbourhoods and bounds on R{h^), 6{h^) 

Next we show that parts (ii)-(v) of Theorem 15.31 hold for when t £ (0,(5), 
with appropriate Ai, A^, . . . , Aq > independent of t. We begin by gluing 
together the Lagrangian neighbourhoods Ux',^x' ior X' in Theorem 13.91 and 
/7i., for Li in Theorem l4.7l to get a Lagrangian neighbourhood for 
iV*, which we will use to define the m-form /?* on BA^t C T*N* in Definition 
15.21 and so prove part (iii) of Theorem 15.31 

Definition 6.7 Define an open neighbourhood C T*N*- of the zero section 
N* in r*iV* and a smooth map : L/„t ^ M as follows. Let tt : r*iV* N* 
be the natural projection. As N* is the disjoint union of K and Pf.Ql for 
i = f , . . . , n we shall define U„t and separately over JC, and Q*. 
Define n 7r*(ii:) and |c/jv'n7r-(K) by 

f7„* n TT* {K) = Ux'r\ TT* (K) and | c/«' n.r- ( a:) = | c/^- n^- (K) , (69) 

recalling that K is part of iV* and X', so n7r*(ii:) and Ux'n7T*iK) are both 
subsets of T*K. For i = f, . . . ,n, define f7„t n 7r*(P/) and |;7jvtn7r*(P*) by 

n ^*(P*) = d(T, o t){{a e T*K, : r^a e f/^J) 
and o d(Tj o t)(Q:) = Tj o t o <I>^. (t^^a). 

Here the diffeomorphism T,ot : K, Pf induces d(T, o t) : T*K, T*Pl, 
and a i-^ t~^a is multiplication by t^"^ in the vector space fibres of T*Ki Ki. 
As in (jSJ-lO and (O-lHH), define n tt*{Q\) and ^'w' |;7Ntn7r*(Q^) by 

(dS*)*(C/„0 = {(fT,?-,.;,!*) G T*(I], X (tr,i?')) : |(^'")| < C^} and (7f) 
o dS*(a, r, u) = T, o (a, r, ^ + '*(ff, r), u + ■*(^, r)) (72) 

for all (cr, r, ?,m) G T*(Ei x {tT,R')) with |(<;, u)| < C'': computing V, | . | using 
li(g')- Here S* : x {tT,R') ^ Q* is a diffeomorphism, and induces an 
isomorphism dS* : r*(S, x (tT,R')) T*Q\. 

Careful consideration shows that U„t is well-defined, and is well-defined 
in H70I) and H72I) for small i, so making 5 > Q smaller if necessary is well- 
defined for t e (0,(5). Clearly $„t is smooth on each of n7r*(i4r), UMtC]Tr*{Pl) 
and ?7„t n 7r*(Q*), but we must still show that is smooth over the joins 
between them. 

As 4* = T]i on Si X [If^, R'), comparing ||SJ)-||njl and lf7T|l - lf7^ shows that over 
S*(E, X [2r, R')) C N^nX' we have = C/^' and = Therefore C/„t 
and join smoothly over the r — R' end of Q* and the corresponding end of 
K. Similarly, as dic^r) = t^Xii'^it^^f) when r ^ i"^, comparing (|i3|l - Hf 4(1 and 
shows that /7„t = d(Tjot)(t2[/^.) and $„tod(T,,oi) = Tjoio^^^ oi"^ 
over x (tT, t'^]). So join smoothly at the r — tT end of Q\ and 

by dZOll- 

Therefore U„t is an open tubular neighbourhood of A^* in T*N*- , and : 
C/jv* M is well-defined and smooth. We shall show that $^f(tj) = (D. On 
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t/jv* n TT*{K) this follows from = uj. On n 7r*(P*) it follows from 

T*(w) = w', <I>* . (w') — Cj, and the fact that the powers of t in ifTUI) cancel out in 
their effect on <^lt{uj). On f/jvtn7r*(Q*) it follows from T*(tj) = tj', = d) 

and the fact that is closed. 

Define an m-form /3* on ?7„t by /3* = <i>^t(Imr2), as in Definition 15.21 

We now prove that parts (ii)-(v) of Theorem l5 . 31 hold for A^* when t £ (0, S). 

Theorem 6.8 Making d > smaller if necessary, there exist Ai, A3, . . . , Aq > 

such that for all t £ (0,(5), as in parts (ii)-(v) of Theorem \5.lA we have 

(ii) V ^ ^3 on N* . 

(iii) The subset Ba^i C T*N* of Definition \5.ii\ lies in [/„*, and || V''/3*||co < 
Ait^^ on BaiI for fc = 0, 1, 2 and 3. 

(iv) The injectivity radius S{h*) satisfies 6{h*) ^ A^t. 

(v) The Riemann curvature R{h*) satisfies \\R{h*)\\co ^ Agt^^. 

Here part (iii) uses the notation of Definition \5.^ and parts (iv) and (v) refer 
to the compact Riemannian manifold {N^,h*). 

Proof. All of (ii)-(v) are in fact elementary, following from obvious facts about 
the behaviour of N'^ , U^t, for small t. Let A3 — infA/ ip. Then A3 > 
as M is compact and ip : M ^ (0, 00) is continuous, and ip ^ A3 on iV* for all 

1 e (0, (5) as iV* C M. This proves (ii). 

For part (iii), under T^ot : Ki ^ P* we have (T^ o t) *({/„*) = i^C/t,. Hence 
the radii of the fibres of tt : (T^ o i)* ([/„*) — > Ki scale like t^ in the metric g' 
on Ki, and thus approximately like t in the metric (T^ o t)*{h}) « t^g' on ii'i. 
Therefore contains all the balls of radius Ait in T*Pl for small Ai > 0. 

The fibre of tt : n 7r*(Q*) -> Q* over S*(cr,r) for (cr,r) G x (tT,i?') 
is a ball of radius (r about in T^t^^^^^Ql w.r.t. the metric (S-)*(6*(5')) on Q*. 
As /i* and (S*)*(t*((7')) are equivalent metrics uniformly in t, we see that 
contains all the balls of radius Ait in T*Ql for small Ai > 0. And and /i* 
are independent of t over K, so this is obviously true over K. Thus for small 
^1 > we have BA^t C for aU t G (0, S). 

To see that |lV'=/3*||c° ^ ^4^"'' for /c = 0, . . . , 3 in (iii), that d{h^) > 
^st in (iv) and ||i?(/i')|jc;o ^ A^t^"^ in (v), consider the role of t in defining 
N\ ft.*, f7«t, and /?* in Definitions lO lO and lO We make TV* by shrink- 
ing Li by a factor i > and gluing it into X' using T^. Therefore for small 
t > Q the metric ft* on Pi, and on Q* near Pi, approximates the metric t^g' on 
Li, and the metric ft* on and on Q\ near iC, is ^jx' and independent of t. 

Now under the homothety g' i— > t^g' for g' on we have Sit^g') = td{g') 
and ||i?(t25')||po = t-2||^(^/)|j^^_ rpj^^g g^j^j j^gg^j. j,t j^j^^g j^^t) ^ Q^^j 

and ||i?(ft*)|j(70 — 0{t~^), and it is easy to see that these are the dominant con- 
tributions to 5{h}), \\R{h*-)\\(ja. (In particular, the derivatives of F{t^'^r) on the 
annuh x {t'^,2t^) in lf5?Hl only contribute terms 0{t'^),0{t^^'^) respectively.) 
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Thus making 6 smaller if necessary, there exist A^jAq > such that (iv) , (v) 
hold for all t e (0,(5). 

In a similar way, on and near Pi we can identify J7„t with 11^. by construc- 
tion, and then for smaU t e (0,(5) we have /i* « t'^h and /?* « , (Im fi'), 
where h* and /i arc the metrics constructed on T*N*' using /i* and on T*Li us- 
ing g'\Li in Definition 15. 21 It then follows that || V'^/J'jjc^o = 0{t~'^) on and near 
Pf for small t and all fc ^ 0. This is the dominant contribution to || V'^/3*||(70 on 
N*, so making S smaller if necessary, part (iii) holds for some A4 > 0. □ 

6.4 Sobolev embedding inequalities on A^* 

We now prove that parts (vi) and (vii) of Theorem 15 . 31 hold in the simplest case 
that X' is connected. The author learned the idea behind the next three results, 
and the reference from Lee jBJ §3]. 

Write C^g(S') for the vector subspace of compactly- supported functions in 
C'^(S'). In ^B], Michael and Simon prove a Sobolev inequality for submanifolds 
iS* of ffi.', depending on their mean curvature vector H in M.K Applying 
Th. 2.1] with h ~ \u\^i™-'^) li™--"^) and using Holder's inequality, we easily prove: 

Theorem 6.9 Let S be an m-suhmanifold of K' for m > 2, and u S Cl^{S). 
Then \\u\\i^2m/(m-2) ^ _Di(||du||^2 -|- ||uiJ||i2), where Di > depends only on 
m, and H is the mean curvature of S m M'. 

If S is minimal in M" then H = 0, and ||M||^2m/(m-2) ^ -Di||dw||/^2. The SL 
m-folds tLi in C™ are automatically minimal, so we deduce: 

Corollary 6.10 There exists Di > such that ||u||^2m/(m-2) ^ i?i|ld7i|li2 for 
all t > 0, i = 1, . . . ,n and u € Cl^{tLi). 

Next we prove a similar inequality for X', when it is connected. 

Proposition 6.11 Suppose X' is connected. Then there exists D2 > such 
that for all v G C^g(X') we have 

||i;||i2W(..-2) iiD2{\\dv\\L2 + \J^,vdVg\). (73) 



Proof. By the Nash Embedding Theorem we can choose an isometric embedding 
of {M,g) in some M.K Then X' is also isometrically embedded in R'. The mean 
curvature of X' in M is zero, as X' is minimal, and the mean curvature of M 
in is bounded, as M is compact. Thus the mean curvature H of X' in R' is 
bounded, say \H\ ^ D3. Applying Theorem 16. 91 to X' in R' then gives 

||u||i2W(™-2, < Di{\\du\\L2 + D3\\uh2) for all u e Ci{X'). (74) 

By studying the eigenvalues of A on X', we show in 10, Th. 2.17] that if 
X' is connected then for some D4 > and all u £ C^^{X') with Jj^, udVg — 0, 
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we have \\u\\l2 ^ D4||dM|U2 ^ DI\\Au\\l2. As Ci{X') is dense in Ci{X'), the 
first inequahty \\u\\l2 < Z34||du||i2 holds if m € C^^{X') with J-^,udVg = 0. 
Combining this with (|74|l and setting = Di{l + D^D4) proves that 

||u||i2W(n.-2) L>5||dii||i2 for all u e Ci{X') with /y, wdK, = 0. (75) 

Fix some w € C^si^') with J^,wdVg = 1. For any v e C^^{X'), define 
u = v-wj^,v dVg. Then u £ 0^2^') with J^, m dVg = 0, so (O gives 

\\v\\L2m/(m-2) - I /y, WdK, I • \\w\\L2m./lm.^2) 1 1 U 1 1 ^2™ / (™ - 2) 

^ D5\\du\\L2 ^ D5{\\dv\\L2 + I Jx,vdVg I • ||dw;|U2). 

Equation 173|l then follows with = max(Z?5, ||u'||^2m/(m-2)+-D5||dw||i2). □ 

We now combine the inequalities on Li and X' in CoroUarv Iti . 1 01 and Propo- 
sition to prove an equality on for small t. The theorem implies parts 
(vi) and (vii) of Theorem 15 . 31 with W = (1), as (vii) is trivial when W — (1). 

Theorem 6.12 Suppose X' is connected. Making S > smaller if necessary, 
there exists Aj > such that for all t e (0, S), if v £ L\{N^) with J^j v dV^ — 

then V e i2m/(m-2)(^t) \\v\\l2^/(^-2) < A7||dt;||L2. 

Proof. Choose a, 6 G M with < a < b < t. Then for small t > we have 

2r < t'' < t'^ < min(l,i?'). (76) 

Making S > smaller if necessary, we suppose that (|76|) holds for all t E (0, S). 
Let G : (0, oo) [0, 1] be a smooth, decreasing function with G{s) = 1 for 
s e (0, a] and G(s) = for s e [6, oo). Write G' for dG/ds. For t e (0, S), define 
a function F* : N* ^ [0, 1] by 

f 1, xeK, 

F*(x) = iG((logr)/(logt)), x^Elia,r)eQl z = l,...,n, (77) 
[o, x&Pl, i^l,...,n. 

Then is smooth, and F* = on Pf and S* (E, x (tT, t^]) for i = 1, . . . , n, 
and F* = 1 on if and S* (E^ x [t°- , i?')) for j = 1, . . . , rt. It changes only on the 
annuli S* (E^ x (t**, i")) for i = 1, . . . , n, and there we have 

(S*)*(dF*) = (logt)-i.G'((logr)/(logt))r-idr forre(^^n■ (78) 

Suppose now that t € (0, 5) and v G G^(A^*) with /^^ vdV* = 0. The main 
idea of the proof is to write v = F*v + (1 — F*)v, where we treat F*v as a 
compactly-supported function on X' and apply Proposition 16 . ll| to it, and we 
treat (1 — F*)v as a sum over i = 1, . . . , n of compactly-supported functions on 
tLi, and apply Corollarv l6.1Ul to them. 
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The first is straightforward. As 2t'^ < by IjTGII . the support of F* hes in 
the union of K and S* (S^ x [2V , i?')) for i = 1, . . . , rt, which is part of both TV' 
and X' . Thus, extending by zero to the rest oi X' we can regard it as an 
element of Clg{X'), and since J^, F^vdVg = /j^j F^vdV* equation lf7S|l gives 

||i^*HlL->/(™-) ^ ^2(11 d(F*z;)||^, + I F'z;dF* | ) 

i?2(||F*d«|U2 + • (||d^^*||i™ + 111 - F*||i.w(..+2))). 

Here all functions are on N*' and all norms computed using ft,*. This is valid 
because the metrics g on X' and /i' on coincide on the support of F*. We 
have also used Holder's inequality upon ||udF*||^2, and 

I F'vAV'\ = I - F')vdV'\ ^ \\v\\L2^n^-^, - 111 - F*||i2W(™+2) , 

since dV^ = dV^ on the support of F*- as g — h*- , and v AV^ — 0. 

For the second, identify the subset tKiUto tpi (E; x (T, t~^R')) in iL^ C C™ 
with the subset i^* U Q* in iV* C M for i = 1, . . . , n by 

tKi 3tx^ Ti{tx) e and 
to^,{Y., X {T,t-^R')) 3toip,{a,r) ^ S*(cr,tr) G Q*. 

The restriction of (1 — F*)v to U Q- is compactly-supported, so using this 
identification we can regard (1 — F*)u as an element of C4(tLi), extended by 
zero outside tK.Uto ip, (E, x (T, t'^R')) . 

Under this identification between subsets of tLi and N*, on the support 
tKi Ut o (pi(Y,i X {T,t"-^^)) of (1 — F*)v in tLi, the metrics g' on tLi and ft* 
on TV* are close when t is small. Applying Corollary 16. lUI to (1 — F*)u on tLi 
gives 11(1 — F*)w||£,2,n/(,n-2) < Di||d((l — F*)v)\\l2, where norms are computed 
using g' on tLi. As g',ft* are close for small t, increasing Di to 2Di the same 
inequality holds with norms computed using ft*, for small t. So making (5 > 
smaller if necessary, for all t e (0, S) and i = 1, . . . , n we have 

||(l-F*>|p*uQ*||^2W(™-2, 2i^i||d((l-F*)i;)|p*uQ^||^,. (80) 
Now (1 — F*)v is supported on Ur=i(^/ '-^ Therefore 



|(l-F*)w||^2™/(„_2, < ^11(1 - F*)w|p^uQt||^,„/(„_2, and 

i=l 

n 

5^11 d((l - F*)z;)|p.uQ*|L2 ^V^W d((l - F*)z;)||^„ 



(81) 



proving the second equation using ai + • • • + a„ (a^ + • • • + a^)^/^, which 

gives the factor y/n. Equations H8U|I and (|81|l give 

11(1 - ^*)HL-/(..-2, ^ 2^^i?l|| d((i - F*)i.)||^. 

^ 2V^i?i(||(l - F*)dw||^, + ||t;|L2W(™-2) • ||dF*||L™). 
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Combining £3), §^ and |lF*dw|li2 , |1 (1-F*)dw|li2 ^ \\dv\\L2 then proves 

[1 - + 2VTlDl)\\dF'\\Lrr. - D^Wl- i^*||i2W(™ + 2,] • | ] 1 1 ^2™/ (™ ^ 2 , 

^{D2 + 2^Di)\\dv\\L2. 

As the norm of r^^ on x (t'', f^) with the cone metric is 0(| logt|^/™), 
using (IZHIl and vol(supp(l - F*)) = 0(t™") wc find that 

WdF'WL^n =0(|logtp-™)/™) and ||f - F*||i2™/(™+2) ^ 0(i«(™+2)/2) 

for small t. Thus making (5 > smaller if necessary we can suppose that 

[1- (Z?2 + 2\AIi^i)||dF*||i.. -i?2||l-i^*||L2W(..+2)] ^ i foraUte {0,5). 

Setting At = 2(D2 + 2y/nDi), we see from (jHSl that for all w e C^A^*) with 
/^tWdV^* = we have ||w||^2m/(m-2) ^ A7||dv||i2. Since C^{N*-) is dense in 
L^(iV*) and L\{N^) i2m/(m-2)(-^t) ^j^g Sobolev Embedding Theorem, 
this completes the proof of Theorem 121 □ 



6.5 The main result, in the simplest case 

We can now prove our main result on desingularizations of SL m-folds X with 
conical singularities, in the simplest case. To make the statement of the theo- 
rem short and easily understood, we do not say much about the iV*. But the 
construction gives a much more precise and detailed description of the topology 
of iV*, and the topology and geometry of its embedding in (Af, J,uj,Vt), which 
we can read off from ^S]-^ above if we need to. 

Theorem 6.13 Suppose {M, J,uj,Vi) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at xi, . . . and cones 
Ci, . . . , Cn- Let Li, . . . , Ln be Asymptotically Conical SL m-folds in C" with 
cones Ci, . . . , C„ and rates Ai, . . . , An. Suppose Xi < for i = 1, . . . , n, and 
X' = X \ {xi, . . . , Xn} is connected. 

Then there exists e > and a smooth family {iV* : i S (0, e]} of compact, 
nonsingular SL m-folds in {M, J,uj,Q), such that iV* is constructed by gluing 
tLi into X at Xi for i — \, . . . ,n. In the sense of currents, — > X as i — s- 0. 

Proof. By assumption Li is an AC SL m-fold with rate A^ < 0. Now Theorem 
14.61 shows that if L is an AC SL m-fold in C" with rate A < then L is 
also Asymptotically Conical with rate A' for all A' G (2 — m, 0). It follows 
that if Aj ^ |(2 ~ then we can decrease the rate A^ of Lj so that A^ S 
(2 — TO, i (2 — ™)). Therefore we can suppose that A; < ^(2 — to) for all 
? = 1, . . . , 71, as in Definition 16. II 

Let 6 > and A^* for t E (0, S) be as in Definition 16. 21 and make 6 smaller if 
necessary so that Theorems 16.61 and lO^ applv. For each t E (0,(5), define 
a finite-dimensional vector subspace C C°°{N'^) by = (1), the constant 
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functions. This will he W C C°°{N) in Definition 15.21 The natural projection 
TTv^t : L^{N*) is given by 7r^t(w) = vol(iV*)-i J^.vdVK 

Let e* = V"sin6'* € C°°(A^*) for t e (0,(5) be as in Definition lO Then 
Iml7|jvt = V-™ sin 6**011/*. Thus 

/ V" sin 6** dV^ = [ ImQ ^ [Im f7] • [TV*] = [Im f7] • [X] = 0, 

where [Imn] e iJ™(M,]R) and [A^*], [X] G i?^(M,M), as TV*, X are homologous 
in M and Imillx' = as X' is an SL m-fold. This implies that 

7r,^t(V''" sin 61*) = vol(7V*)"i / V^" sin 61* dV* = for all t e (0, (5). (84) 

Theorem 16.61 gives constants k > 1 and A2 > such that 

||V'"sin0*||i2W(™+2) < A2^"+™/^ ||^™sin0*||co ^ ^2^""' and 
||d(V''"sin6l*)||i2™ ^ ^2^-3/2 for alH e (0,(5). 

Equations and lISSl) imply that part (i) of Theorem |5 . 31 holds for for aU 
te (0, (5), replacing iV, W, 6* by A^*, VF*, 6^* respectively. 

Let the Lagrangian neighbourhood : [/„* ^ and the m-form /3* on 
/7jv' be as in Definition 16. 71 Then Theorem 16.81 gives constants AijA^, . . . , > 
such that parts (ii)-(v) of Theorem 15 . 31 hold for for all t e (0, S), replacing 
TV, P, h by N*,(3*, ft,* respectively. 

As ■7Twt[v) = if and only if vdV^ — 0, Theorem 16 . 1 21 gives > such 
that if w G Ll{N^) with7r„t(z;) = then w e i2m/(m-2) (^t) ||i;||^2,„/(,„-2) ^ 
^7||dw|li2, for aU t G (0,(5). Thus part (vi) of Theorem Ol holds for A^* for all 
t G (0,(5), replacing N,W by N^W^ respectively. As = (1) part (vii) of 
Theorem 15. 31 is trivial for A^*, W^, since d*d?i' = dw = for all w G T4^*, and if 
w G with w dy* = then w = 0. Thus part (vu) holds for any Ag > 0, 
and we take Ag = 1. 

We have not yet showed that the inequality cos 6** ^ i in Definition l5 . 2l holds. 
From parts (i) and (ii) of Theorem 15. 31 we see that | sin 6**1 ^ A2A^"H''^^ on A^*. 
Thus for small t G (0,(5) we have | sin 6**1 ^ as k > 1, so that |cos0*| ^ i. 
But COS0* is continuous, A^* is connected, and cos0* = 1 on if as if is special 
Lagrangian, so we must have cos0* ^ ^ on A^* for small t G (0, S). 

We have constructed k > 1 and Ai, . . . ,As > such that parts (i)-(vii) of 
Theorem 01 hold for A^* in M for all t G (0,(5). Let e, if > be as given in 
Theorem 15.31 depending on k, ^i, . . . , and m, and make e > smaller if nec- 
essary to ensure that e < S and cos6'* > i on A^* for t G (0, e]. Then Theorem 
15.31 shows that for all t G (0, e] we can deform A^* to a nearby compact, non- 
singular SL m-fold TV*, given by iV* = ($„*), (r(d/*)) for some /* G C°°{N*) 
with II d/* 11 CO Kf^ < Alt. 

Since A^* and depend smoothly on t, we see that /* is the locally unique 
solution of a nonlinear elliptic p.d.e. on N* depending smoothly on t. It quickly 
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follows from general theory that /* depends smoothly on t, and so iV* does. 
One can easily show from Definition 16.21 that ^ X as currents as t ^ 0. 
But the estimates on d/* and Vd/* in 33 imply that TV* — A^* as currents 
as i — > 0, so TV* — > X as i 0. This completes the proof of Theorem 15. 131 □ 

7 Desingularizing when X' is not connected 

We now generalize the material of ^ to the case when X' is not connected. 
Suppose X' has q > I connected components X'l, . . . ,X'g. Then Theorem 16. 121 
no longer holds. The basic reason for this is that the Laplacian A* on iV* has q 
small eigenvalues = A^, . . . , A* , with A|, — ©(t™^^). 

The corresponding eigenfunctions 1 — v\, . . . ,vl, are approximately constant 
on the part of iV* coming from X'^ for each k = 1, . . . ,q, and change on the part 
of A''* coming from tL, for i = 1. . . . , n. If 5 > 1, calculation shows that the 
fovK k^q satisfy t;*dl/* = and ||u* |L2W(™-2) = 0{t-(^-^y^)-\\dvl\\L2, 
so that Theorem 16 . 1 21 cannot hold. 

To get round this, we define in HT.ll a vector subspace C C°°(iV*) which 
approximates («*,...,«*). This will be W in Theorem l5.3l In ^7. 31 we show that 
if w e L\{N*) is L^-orthogonal to then ||w||i2m/(m-2) ^ A7||d-i;|li2 for some 
^7 > independent of and this replaces Theorem 16. 121 

There is also some more work to do. Part (i) of Theorem 15.31 reouires that 
||7r„,t(i/''"sin6'*)||ii ^ ^2*"+'""^ In lithis was trivial, as there = (1) and 
TTvjrt (-0™ sin 0*) = for topological reasons. We shall show in tl7.2l that here for 
TT^t (V''" sin 6**) to be sufficiently small the invariants Z{Li) for i ~ 1. . . . , n must 
satisfy equation H86|) below. The final results are given in M7.4I 

7.1 Setting up the problem 

We shall consider the following situation, the analogue of Definitions 16. 111^31 

Definition 7.1 We work in the situation of Definition l6.1l Thus, (M, J, w, fi) is 

an almost Calabi-Yau m-fold for to > 2 with metric ip : M ^ {0, 00) satisfies 
X is a compact SL to- fold in M with conical singularities at a:i, . . . , a;„ with 
identifications u^, cones Ci and rates /i^, and Li, . . . , L„ are AC SL TO-folds in 
C" with cones Ci and rates A^ < 0. We write X' = X \ {xi, . . . ,Xn} and 
Ei = Ci n and use the other notation of IHl 

However, we do not assume that X' is connected, as we did in t |6.4l Set q = 
b^{X'), so that X' has q connected components, and number them X'l, . . . , X'^. 
For z = 1, . . . , n let = ^'^(Ei), so that E; has U connected components, and 
number them , . . . , E'* . 

Now Ti o is a diffeomorphism E^ x (0, R') — > S'i C X' . For each j = 
1, . . . , ^i, Ti o (y9i(E^ X (0, i?')) is a connected subset of X' , and so lies in exactly 
one of the X'j, for fc = 1, . . . , g. Define numbers k{i, j) ~ 1, . . . ,q for i = 1, . . . , n 
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and j = 1, ... ,li hy Ti o (pi{T,j x (0, R')) C X^^jy Suppose that 

^ ij{xirZ{L,) ■[■S{]=0 forallA: = l,...,g. (86) 

k(i,j)=k 

Here Z{Li) G is as in Definition lO and [S^] G if™_i(E,,Z), and 

'• ' is the contraction 7f'"-i(Si, K) x if™_i(E,,Z) ^ E. The reason for ^ 
will appear in Proposition 17 . 51 below. 

Define Lagrangian m-folds iV* for t G (0, S) as in Definition 16.21 but when 
we choose r G (0, 1) to satisfy we also require that 

7^i<r<l- (87) 

Clearly this is possible. Suppose that the topology of X and Li is such that the 
are connected. This requires that X be connected, but not that X' or the 

Li be connected. A sufficient (but not necessary) condition for the N* to be 

connected is that X and the Li are connected. 

Let h* = g\Nt, so that {N'^,h^) is a Riemannian manifold. As in Definition 

16.31 the are oriented, and JIIat* = ?/'™e*^ dF* for some phase function e** 

on iV*, where dV* is the volume form on A^*. We write e* = -0™ sin6'*, so that 

Im^^lATt = £*dF* for t G (0,(5). 

To apply Theorem 15.31 to A^* we need a vector subspace W* C C°°(A^*), to 
be in Definition 15.21 In ^ where X' was connected, we took VF* — (1). 
However, when X' is not connected we must introduce a nontrivial with 
dim W^* = b'^{X') to repair the proof of Theorem 16. 121 Here is the definition. 

Definition 7.2 We work in the situation of Definition 17.11 For i = 1, . . . ,n 
apply Theorem 14.81 to the AC SL m-fold Li in C™, using the numbering 
chosen in Definition 17.11 for the connected components of T,i. This gives a 
vector space Vi of boimded harmonic functions on Li with dim!/; = li. For each 
Ci — {c} , . . . , c\') G M'* there exists a unique vf' G Vi with 

y''{ip*{vf^)^cl) ^0{\c,\r'^-'') on S^' X (T,c3o) asr^oo, (88) 

for alH = 1, . . . , n, J = 1, . . . , ^i, fc ^ and /? G (2 — m, 0). 

We shall define a vector subspace VF* C C°°{N*) for t G (0,(5), with an 
isomorphism PF* ~ W. Fix d = ((ii,...,rfg) G M'', and set — dk(ij) for 
t = 1, . . . ,n and j = 1 , . . . , . Let Ci — {c} , . . . , c\'). This defines vectors 
Cj G M'' for i = 1, . . . ,n, which depend linearly on d. Hence we have harmonic 
functions vf' G F; C C°°{Li), which also depend linearly on d. 

Let F : (0, oo) [0, 1] and r G (0, 1) be as in Definition O Make S > 
smaller if necessary so that tT < for all t G (0,(5). For t G (0,(5), define a 
function G C°°{N*) as follows: 

(i) The subset K C N* has q connected components K n X'^. for fc = 1, . . . ,q. 
Define w^^ = dk on K O X'^ for k = 1 , . . . , (7. 
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(ii) Define on f* C A^* by (T^ oto ipi)*{wl^) = wf' on Ki for i = 1, . 

(iii) Define on Q* C A^* by 

(S*)*(w;^)(a,r) - (1 -F(2t--r))^*(z;r)(a,i-V) +F(2r>)c^' 
on X {tT, R'), for i — 1, . . . ,n and j = 1, . . . , Z^. 

It is easy to see that is smooth over the joins between and K, so 

e C°°{N*). Also is hnear in d, as wf' is. Thus VK* = {w^ : d e M?} is a 
vector subspace of C°°(A^*) isomorphic to M', for aU t e (0, (5). 

If d = (1, . . . , 1) then cj = 1, so = (1, . . . , 1) for i = 1, . . . , n, and thus 
wf» = 1 for i = l....,n by Theorem 14.81 Therefore w^i = 1 by (i)-(iii) 
above, and 1 £ W*" for all t G (0, 6). This corresponds to the condition 1 e in 
Definition 15.21 Define 7r„.t : L'^{N*) — > W* to be the projection onto using 
the L^-inner product, as for ttw in Definition 15.21 

In Definition 16.21 we defined the A^* by gluing together X' and tLi using 
F{t~'^r) in jSUJ. In contrast, equation H89|) uses F(2t~'^r). As F increases from 
to 1 on [1,2], this means that in Definition 16 . 21 we glued X' and tLi together 
on the annuli x [V , 2^"^)), but in (|89|l we glue wf* and c{ together on the 

annuh x This will be important in H7.2I where the fact that 

u;^ is constant on the annuli x (t'^,2t'^)) will simplify the calculations. 

The point of Definition l7.2l is that w ^ is made by gluing together the constant 
function dk on X'f. with the harmonic function on tLi. This is asymptotic 

to cZfe(i_j) on the j^^ end of tLi, which is glued into X'^^^^^^y Thus, for small t the 
functions dk(ij) and are nearly equal in the annulus x 

where they are glued together. 

Thus we expect to be nearly harmonic on for small t, that is, d*di(;^ 
is small compared to w*^. The next proposition estimates Wj,d?i;j and d*dz/;^. 

Proposition 7.3 /n f/ie situation of Definition yi.'/^ for all t € (0,(5), d = 
(di, . . . , dg) e M*; /3 e (2 — m, 0) and « = 1, . . . , n we have 

|u;^Kmax(|di|,...,|d,|) on N\ (90) 

dw^ = d*dw^ =0 onK and S*(S, x [t\R')), (91) 

|(S*)*(dO|(a,r) = 0{\A\t-^r^-^) on x {tT^), (92) 

|(S*)*(d*dt/;^)|(a,r) =0(|d|i-'^r'^-i) on x (iT, i^], (93) 

|(S*)*(d*du;^)|(a,r)=0(|d|t-^+-(^-2)) onE,x(ir,0, (94) 

and |du;^| = 0(|d|i-i), |d*dw^| = 0(|d|t-i) on i^*. (95) 

/fere d* and \ . \ are computed using h* or (S*)*(/i*). 

Proof. Since wf* is harmonic it has no strict maxima or minima in Li by the 
maximum principle, and as it approaches dk[i_j) on the j^^ end we see that 
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\vf'\ ^ max(|di|, . . . , on Li. Equation H9U|I then follows from the definition 
of above. Also is constant on K and S-(Si x [t'^,i?')), so (|^ holds. 
Let hi be the metric g'\Li on Li. Then we have 

{T^ot)*{h') ^t^h, + 0{t^) onifi,and (96) 

iT,otoip,y{h') = f^*ih,) + Oifr) onE, x(iT,r). (97) 

Therefore the metrics /i* on P/ and x {tT,V)) and t^hi on the corre- 

sponding regions of Li are uniformly equivalent for small t. Using this, H88|l and 
we deduce (|??^ and the first equation of (jHEl- 
By the same method wc also find that 

iV^w^l = 0{\d\t-^) on Pi, and (98) 

|(S*)*(V2z«^)|(a,r) = 0{\d\rf'rf''') on x (tT,n, (99) 

computing V and | . | using ft,* or (S*)*(/i*). Equation l|94|l then follows from 
(HH) with r e (ir,^), as |d*dw^| ^ IV^iy^]. 

Now from 19t)|) and a similar equation for derivatives we find that 

dldwl,^d;.^Aw'^ + 0{t)-\\/^w'^\ + 0{l)-\dwl,\ on Pi (100) 

where d^t , dt2^. are d* computed using h* ,t^hi. But = (T^ o i)*(tif') on P/, 
and uf' is harmonic w.r.t. hi, and so w.r.t. t^hi. Hence dj2;j.dz«^ = on P/, and 
combining l|98|l . H100|l and the first equation of 195|l gives the second equation 
of linni- We prove (^3 in the same way, using and (O- □ 

Another way to think about is that the Laplacian A* = d*d of /i' on 
A'^* has q small eigenvalues A* , . . . , A* , counted with multiplicity and including 
0, and approximates the sum of the corresponding eigenspaces of A*. From 
Proposition 17.31 one can show that 

||z«* lU. = 0(|d|) and lld^^lU. = 0(|d|i(™"2)/2), 

so that ||du;^|||2 = 0{t"^^^) ■ ||w^||^2- This implies that the dominant eigenvec- 
tors of A* in it;^ have eigenvalues 0{t"^~^), so A|, = 0{t"^^^) as t ^ 0. 

7.2 Part (i) of Theorem 15. 3t estimating \\'n-y^,t(ip'^ sin 6^)\\li 

We need to bound \\TTnrt[ip™ sin9'^)\\]^i to prove part (i) of Theorem 15.31 for 
N*,W*. Writing e* ~ ip"^sm6* as in Definition 16.31 we shall do this by first 
estimating /^^ w^e* dV* for aU d e M« 
[t'^,R')) when k{i,j) — k, we see that 

w^e* dF* = V f / w^£* dV* + I u;^£* dV* 

« / /• r \ (101) 

-fVdJ / £*dy*+ V / e'dv' 

k(.i,j)=k 
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The next two propositions bound the bracketed terms on each line. 
Proposition 7.4 For all t £ (0,6), d eW^ and i ~ 1, . . . ,n we have 

[ w'^e'AV'+l u;^£*dF* 0(|d|t("+i)^). (102) 



Proof. We have |d| on iV* by On P* we have |£*| «C Ct by As 

vol(i^*) = 0(t'"), this implies that the first integral in (fTH^ is 0{\d\V"+^). 
Similarly, on x {tT,P) we have |(S*)*(£*)| < Cr ^ CP by (ESJ). As 
vol(S*(E^ X itT,P))) = ©(t™^), this impHes that the second integral in (fTH^ 
is 0(|d|t(™+i)^). The proposition follows. □ 

Proposition 7.5 For all t G (0, 5), d eW^ and k ~ 1, . . . ,q we have 



(103) 



where Z{Li) G i/'""^^^.!^) as m and [E^' ] G i/„_i(Si,Z). 

Proof. As e*dV^* = Imilljv', the left hand side of (|103|l is the integral of Imfl 
over the m- chain 

z, = {Knx',)+ s*(E^"x[r,i?')) 

for fc = 1, . . . , g, which is a closed subset of N*, with boundary (to— l)-chain 

dz,^- J2 s*(s^x{r}). (104) 

For each i = 1, . . . , n and j = 1, . . . ,li, define an m-chain Aj in Bj^ to be 
the image of x [0, 1] under the map 'Sj x [0, 1] — > B^i given by 

(a, r) ^ r$^^ (a, t2xi(a, ^-i), t2x,2(a, ^-i)) . 

As T, o ^a,{a,P ,exK'^^t"''),t^xli<J,t^-^)) = ^K<^,n for a G by Defini- 
tion we see that 

a(T,(AO)=S*(E^x{n), (105) 
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regarding Ti{Al) as an m-chain in M. 

Now define another m-chain for fc = 1, . . . , g to be 

Hi,j)=k 

As X'j, is an m-chain without boundary, we see from (|l()4|l and 1)105(1 that = 
dZk, and in fact it is easy to see that and Zk are homologous in M. Since 
Imil is a closed m-form on M, this implies that J^, Imft ~ J^^lmft. But 
Imf^lx^ =0 as X'l, is special Lagrangian. Hence we see that 

/ imn = - J2 [ .Vi^-^^)- (106) 

From Definition 13 . 41 we have v*{fl) — ip{xi)™il.', where ft' is as in QJ. Thus 
as T*(il) is smooth on Bn, Taylor's theorem gives 

T* (Im O) =7/'(a;0"Imr2' + 0(r) on Br. (107) 

Now A-'- is an m-chain in Br C C™ with boundary in the AC SL m-fold 
tL,, and [dA{] e Hm-i{tLi,R) is the image of [E^] e i7™_i(i;^,M) under the 
map Hm-l{^^,M.) i7„_i(Lj,R) dual to the natural map H"'-^{L,M) 
H"^~^{T,i,R). It then follows easily from Definition 14.21 and Lemma lOI that 

/ Imn' = Z{tL,)-m]^t"'Z{U)-[j:l]. (108) 

But as r = 0(r) on A^ and vol(^^) = 0(i"^) we see from (|107f) that 

/ (T*(Iml7) - V'(x,)"Iml7') = 0(i("+i)^). (109) 
Jai 

Equation H103|) now follows from H106|) . (|108|l . (|109|l . and the fact that the left 
hand side of 1)103(1 is J^^ Imft. This completes the proof. □ 

We can now explain the reason for the condition l(86() in Definition l7.1l If 1(86(1 
holds then the first term on the right hand side of ((103(1 is zero, and therefore 
ifTHHl and Propositions O and O show that /^^ w^e* dV* = 0(|d|i(™+i)^) . 
This in turn implies that ||7r„t (e*)||ii ^ 0{t'-"'+^^^). 

Therefore ||7rv,,t(i/''" sin6'*)|jLi ^ ^2^"^'""^ for some A2 > and k > 1 and 
aU t G (0,(5), as e* = -0"sin6'* and r > by This is one of the 

conditions in part (i) of Theorem l5.3l for TV*, W*. However, if ((86(1 does not hold 
then ||7r„.t(?A™sin6'*)||Li = 0(i'"), and part (i) of Theorem O for N\W* does 
not hold for all t E (0, S) with k > 1, so the construction fails. 

Here is the analogue of Theorem 16. 61 
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Theorem 7.6 Making ^ > smaller if necessary, there exist A2 > and 
K > 1 such that e* = '0™sin6'* on N* satisfies ||£*|ji2™/(™+2) ^ vlaf+^Z^ 
||e*||co ^ A2t^-\ \\de'\\L2,. ^ A^t^^^/^ and |kw*(£*)||Li A2t«+™-i for all 
t G (0,(5), as in part (i) of Theorem \5.ci[ 

Proof. Theorem 16.61 shows that there exist A2 > and k > 1 such that 
||£*||i2™/(™+2) < Azi'^+^Z^^ ||e*|lc" < A2t^-\ and ||de*||i2,„ < v42t«-3/2 
aU t G (0,(5). It remams to consider the condition ||7r„-t(e*)||^i ^ A2t'*^'"~^. 
Combining equations and (|101|l and Propositions 17.41 and 17.51 erives 

/ w^e* dV* = 0(|d|i(™+i)^) for all d G and t G (0, S). (110) 

One can show from Definition 17.21 that ||u'j||l2 ^ C|d| for some C > and all 
d G R« and i G (0,(5). This and ^TU^ imply that ||7r„,t(e*)|U2 = 0(i("+i)^). 
But ||7ri^t(£*)llLi vol(Af*)i/2||7r„,,(e*)||^2, and vol(Af*) = 0(1). Therefore 

lkv^'(£*)IUi = 0(<('"+i)") for alHG (0,(5). (Ill) 

Make k > 1 smaller if necessary so that K+m—1 ^ {m+l)T. This is possible 
as {m+l)T > m by (|87|l . Now make > bigger and (5 > smaller if necessary 
so that \\'K„t{s*)\\i^i < Azt^+^^i for aU t G (0,(5). This is possible by ((TTT|l . as 
K + m—1 ^ (m + 1)t. The previous inequalities ||e*||j;,2Tn/(m+2) ^ ^2^'^'*'™^^, 
lk*||co ^2*""^ and ||de*||i2™ ^ ^2*''"^^^ for t G (0,(5) stiU hold with the new 
A2,K, as we have increased A2 and decreased k, and i < 1. Thus there exist 
A2, K satisfying the conditions of the theorem. □ 

7.3 Parts (vi) and (vii) of Theorem 15.31 

We now explain how to modify the material of ii6.4l to the case when X' is not 
connected. Thus we prove that parts (vi) and (vii) of Theorem 15 . 31 hold for iV* 
and W* . Here is the analogue of Proposition 16. Ill 

Proposition 7.7 In the situation of ^7.1\ there exists D2 > such that for all 
V G C^s(X') we have 

k 

Proof. Applying Proposition 16 . 1 II to each connected component X'f. of X' gives 
constants D2,k > for A; = 1, . . . , g such that 

||^'U^||i2™/(™-2) D2,k{\\dv\x'^\\^2 + llx'^^'^^al)- (113) 
Then summing H113|) over k = 1 , . . . , g and using 

||^^IL2™/(™-2) ^ ELilhUdlL2-/(— 2) and ELi||dwUji2 9^/^11 d^lLs 



48 



proves pi2|) . with D2 = g^^^ max(D2,i, . . . , i?2,g)- 



□ 



Here is the analogue of Theorem 16 .121 The condition vwdV* = for all 
w € is equivalent to 7r„,t (v) = 0, so the theorem proves part (vi) of Theorem 
10 for N\W\ with Ar independent of t. 

Theorem 7.8 Making 5 > smaller if necessary, there exists > such that 
for all t £ {0,6), if v e i?(iV*) with Jj^. vwdV* = for all w e then 

V e i2m/(m-2)(^t) 1 1 U 1 1 ^2™/(™-2) ^7||dt;||L2. 

Proof. Let a, b, G and be as in the proof of Theorem It). 121 Then : ^ 
[0, 1] is smooth with F*^ = 1 on K, and F* = on for i — 1, . . . ,n. The 
support of F* is a subset of A^* n X', so we can also regard F* as a compactly- 
supported function on X' . For k = 1, . . . , g, let be the smooth, compactly- 
supported function on X' equal to F* on X'j. and zero on for k' 7^ fc. 
Then F^ is supported on X^., and F* = X]fc=i ^fc- Moreover, extending Ff, by 
zero outside iV* n X' we can also regard F^ as a smooth, compactly-supported 
function on , and F* = X]fc=i -^k holds on A^* as well. 

Suppose now that t e (0,(5) and v e C^{N*) with /^^wwdV^* = for all 
w € W^*. Then F*u is supported in N^HX' , so we can regard it as a compactly- 
supported function on X' and apply Proposition 17. 71 to it. This gives 



Here in the second line we use the fact that F* is supported in A^* n X' , so 
/i* — g\x' and dVg — dV^* in the support of F*. 

Let ei, . . . , be the usual basis of K', so that C/t — {Sik, 52k, ■ ■ ■ , 5qk) for 



||F*«||i.W(™-2, 



^^2(||d(F^)||^,+ELi|/x^ F*t;dK,|) 



(114) 




Efc ||l,2m/(,T, + 2) ■ 



||F*i;||i2W(™-2) < D2{\\F'Av\\l2 + ||v|L2W(™-2) • ||dF*||i.. 




(115) 



) 



This is the analogue of H79|l . 

Now by the definitions of Ff. and w*^ we have 
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Hence Fj: — w*^ is zero on most of TV*. The support of Fj: — 
in the union of Pi and S*(Ei x {tTX)) 

over i = 1, . . . , n, which has volume 
0(i™°), and here \Fl - J 1 as ^ H^wl^ ^ 1- Hence 

||^^^-<ILw(^+., forfc = l,...,g. (116) 

Following the proof of Theorem 16 . 1 21 without change, we prove H82() . Using 
pi5|) instead of (|79|) . in place of (|83l) we obtain 

[1 - {D2 + 2^D^)\\dF'U^ - Yl^^Wn - < |L.w(^+.)] • lkllL-/(™-=) 
< (Z?2 + 2V^Di)||dw||i2. 

Using ((TTC|l instead of ||1 - i^*||i2„./(„.+2) = (9(i"(™+2)/2)^ the rest of the proof 
follows that of Theorem Ens □ 

We now prove part (vii) of Theorem 15. 31 for A^*, , with Ay as above. 

Theorem 7.9 Making 5 > Q smaller if necessary, for all t e (0, &) and w G 

we have ||d*dt(j||^2m/(m+2) ^ "'"||dt(;||i2, where A7 > is as in Theorem 
1 7. Also there exists Ag > such that for all t g (0, 6) and w £ with 
Jj^.wdV* = we have \\w\\co Ast^-"'/^\\dw\\L2 . 

Proof. Following the method of Proposition 16.51 using the estimates of Propo- 
sition Inland taking 2 — m < /? < ^(2 — m) we find that for some D3 > and 
all t e (0, 6) and € we have 

|ldu;*,|U2 ^ I?3|d|i(™-2)/2 and (117) 

||d*d«;^||i2,„/(™ + 2, ^ i^3|d|i™/2 + ^g|d|t2/3(r-l)+r(™-2)^ (^^g) 

Also, as = dk on K n X'l^, from we deduce that 

iKlIco =max(|di|,...,|d,|)< |d|. (119) 

However, (|117f) - (|119|) are not enough to prove the theorem, as (|117|l gives 
an upper bound for ||dwj||^2, but we actually need a lower bound. Now on P* 
and x {tT, ^i^]), by definition coincides with v"^' on the corresponding 

regions of Li. Using H96|l to compare the volume forms dV* of /i* on iV* and 
dVhi of hi = g'\Li on Li, from (|91|l . (|92() and l|95() we can show that 

n 

||du;^|ji.=t'"-2^|ldi;rili2+0(|d|2r-i)+0(|d|V(^-i)+^('"'2)/2)^ (^20) 
1=1 

where ||di(;^||i2 is computed on iV* using ft,*, and ||dt),f*||^2 on Li using hi. 

Now vf^ depends only on d and not on t, and in fact only on dk(ij) for 
j = \, . . . ,li. Also Ijdi;^' |jj;,2 depends only on the differences dk[ij) — dk(ij') for 
^ ^ j < j' ^ h, as adding an overall constant to dk adds a constant to w^', and 
does not change dVi' . 
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For each i — 1, . . . ,n, define an equivalence relation ~ on pairs (i,j) for 
j = by ^ ihj') if 5]^ and Tj{ are ends at infinity of the same 

connected component of Li. Then one can show that 

lld^ii^^c. (121) 

l<:j<j'<li-- 

for all d S and Ci > depending only on Li for i = I, . . . ,n. 

The point here is that if dk(ij) = di^(^iji) whenever ~ ihj') then wj^* 

is constant on each connected component of Li, and dv^^ = 0, so both sides of 
p21|l are zero. But otherwise w^' is not constant, and both sides of p21|l are 
positive. Summing H121I) over i = 1, . . . ,rt, and remembering that the are 
connected by Definition 17. II we can prove that 

n 

^ ||d<ii. ^ 2Dl{\d\' _ + . . . + (122) 

1=1 

for all d g M*, and some D4 > depending only on Ci, . . . ,Cn, the k{i,j), and 
the equivalence relations ~. 

Combining (fnn|l and (fl^ shows that for all d e M« with di H h = 

and t S (0, S) we have 

||du;^||i2 ^ 2i^2| j|2^™-2 ^ 0(|d|2t"-l) + 0(|d|2t^(--l)+-(™-2)/2). 

As /3 < i(2 — m) and r e (0, 1), both error terms are smaller than Idpi'"^^ for 
small t. Hence, making 6 > smaller if necessary we see that when t S (0, 6), 

||dui^||i2 > i:)4|d|i('"-2)/2 for d e R« with di + ••• + 0. (123) 
Now make 6 > smaller if necessary so that for all t E (0, S), we have 

This is possible as both powers of t on the left are greater than the power on 
the right. Combining H118|) . H123|) and H124() shows that when t e (0,(5), 

||d*du;^||i2™/(™+2) < iv4f ^||dw^||L2 for deM« with di + - • ■ + dq = 0. (125) 

Now let t e (0,(5) and w € W\ Then w w^, for some d' e M"?, Let 
c = i(d'^ + . . . + d'^), let dfe = d'fe-c, and d = (di, . . . ,dg). Then di + . . . + dq 0, 
and w — + c, since depends linearly on d and w*]^ j^-j = 1. Thus 
dw = dw^, and (|125|l holds, giving ||d*dw||^2m/(m+2) ^ "^||dw||i2, as we 
have to prove. 

Suppose also that w dV* = 0. Then by the proof of H119() we see that 
min(d', , . . . , d' ) = minw ^ ^ max w — max(d'i , . . . , d' ). 
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Using this it is easy to show that 

||u;||co = max(|d'i|, . . . , |<|) sC 2max(|di|, . . . , \d,\) s=: 2|d|. (126) 
Define As = 21)4 ^ > 0. Then using ((T^ and dw = dw^ we find that 

WwWc'o 2|d| = ^gi'""/' • /?4|d|i('"-2)/2 ^ Ast^-"'/^\\dw\\L2, 
for all i g (0, S) and w e M^* with Jj^j dF* = 0. This completes the proof. □ 

7.4 The main results, when X' is not connected 

We can now state our second main result on desingularizations of SL m-folds 
X with conical singularities, this time allowing X' not connected. 

Theorem 7.10 Suppose {M, J,uj,^l) is an almost Calabi-Yau m-fold and X 
a compact SL m-fold in M with conical singularities at Xi,...,Xn and cones 
Ci, . . . , C„. Define -0 : M ^ (0, 00) as m Let Li, . . . , L^ be Asymptotically 
Conical SL m-folds in C™ with cones Ci, . . . , C„ and rates Ai, . . . , A„. Suppose 
Xi<Ofori = l,...,n. Write X' ^ X \ {xi, . . . , x„} and = C, n S^""-^ . 

Set q — ^^{X'), and let X[, . . . , X'^ be the connected components of X' . For 
i = 1, . . . ,n let li — 6° (Si), and let I]}, . . . , S'' be the connected components of 
Ei. Define k{i,j) ^ 1, . . . , q by Ti o ip,(T.j x (0, i?')) C fori = l,...,n 

and j — I, . . . ,li. Suppose that 

^{x,rZ{L,)-[j:l]^Q forallk^l,...,q. (127) 

Suppose also that the compact m-manifold N obtained by gluing Li into X' 
at Xi for i = 1, . . . ,n is connected. A sufficient condition for this to hold is that 
X and Li for i — 1, . . . ,n are connected. 

Then there exists e > and a smooth family jiV* :t£ (0,e]} of compact, 
nonsingular SL m-folds in {M, J,LU,fl) diffeomorphic to N, such that is 
constructed by gluing tLi into X at Xi for i = 1, . . . ,n. Ln the sense of currents 
in Geometric Measure Theory, N'^ X as t 0. 

The proof follows that of Theorem 16. 131 but using Definition 17 . II instead of 
Definitions 16 . 11 - 1^751 and defining 14^' as in Definition 17 . 21 rather than = (!)• 
We use Theorem 17 . 61 instead of Theorem 16 .61 and Theorems 17.81 and 17 . 91 instead 
of Theorem 16. 121 Note that Theorem 16 . 81 still holds in this situation, as it does 
not assume that X' is connected. The extra hypotheses (I127|l and that N is 
connected come from Definition 17. II 

If X' is connected, so that q — 1, then k{i,j) = 1 and H127|l becomes 

n li 

J2i'{^^rz{L,)■J2[^]^o. 

1=1 j=i 
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But X]j'=i[^i ] — ^'^d Z{Li) ■ [Si] = as Z{Li) is the image of a class in 
iJ'"~^(L,i,R) by Definition 14.21 and is the boundary of L^, so [E,] maps to 
zero in iJ„i_i(Li,R). Therefore (|127() holds automatically when X' is connected, 
and Theorem 17. 101 reduces to Theorem 16. 131 in this case. 
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